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Abstract. We introduce cylinder processes in the plane defined as union sets of dilated straight lines (appearing as
mutually overlapping infinitely long strips) generated by a stationary independently marked point process on the real line,
where the marks describe the width and orientation of the individual cylinders. We study the behavior of the total area of
the union of strips contained in a space-filling window pK as o — oo. In the case the unmarked point process is Brillinger
mixing, we prove the mean-square convergence of the area fraction of the cylinder process in o/{. Under stronger versions
of Brillinger mixing, we obtain the exact variance asymptotics of the area of the cylinder process in oK as o — oco. Due
to the long-range dependence of the cylinder process, this variance increases asymptotically proportionally to o®.
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1 Introduction and preliminaries

Cylinder processes (CPs) in R? defined as countable unions of dilated affine subspaces R¥, k =1,...,d — 1,
are basic random set models in stochastic geometry; see, for example, [15,19,21] and [16]. Meanwhile CPs
also receive much attention due to numerous applications (for d = 2, 3) in modern technologies as models
for materials consisting of long fibers or to model dynamic telecommunication networks. Until now, so far
as we know, asymptotic properties of CPs in expanding domains were exclusively studied under Poisson
assumptions; see [13, 14,20] and [1]. The Poisson property of the generating stationary point process (PP)
provides, among others, the stationarity of the associated CP. In this paper, we focus on planar CPs generated
by a more general class of stationary independently marked PPs on R!. We assume that the corresponding
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unmarked (ground) PP is Brillinger mixing, that is, its reduced cumulant measures of any order exist and have
finite total variation.

Throughout this paper, all random elements are defined on a common probability space [{2, F, P], and by E
and Var we denote the expectation and variance with respect to P. Next, we describe a CP in R? in terms of
its generating stationary independently marked PP on R'. Let (®¢, Ro) be the generic random vector taking
values in the mark space [0, 7) x [0, 00) that describes the orientation @ and cross-section (or base) = :=
[— Ry, Ro| of the typical cylinder. In addition, we assume that Ry ~ F' and ¢( ~ G are independent, that is,

P(Ry <7, @y < ) = F(r)G(p). Now we introduce a stationary independently marked PP as a locally finite
simple counting measure ¥, 1= > ;7 (5[13“(45“3 )] defined on the Borel sets of R! x [0,7) x [0, 00) whose
finite-dimensional distributions are shift-invariant in the first component; see, for example, [2,6] or [19]. The
stationary ground PP ¥ = } ., 6p, ~ P with finite and positive intensity A := E¥([0, 1]) > 0 is assumed
to be independent of the i.i.d. sequence {(®;, R;): i € Z := {0,£1,£2,...}} of mark vectors. Then the
intensity measure Ar g ((-) x [0, ¢] x [0,r]) := EW};G(() x [0, ] x [0,7]) of W};’G can be expressed for > 0
and0 < p < 7as

Apa(() x [0,¢] x [0,7]) = E¥ () P(Py < @, Ry < 1) = A[-[1G(p)F(r) with A >0,

where |-|;, denotes the Lebesgue measure on R¥. Each triplet [P;, (®;, R;)], i € Z, determines a random
cylinder g(P;, ®;) @ b(o, R;), where b(o,r) is the circle in R? with radius > 0 and center in the origin o,
@ stands for pointwise addition (Minkowski sum) of sets in R?, and g(p, p) := {(z,y) € R?: zcosy +
ysin o = p} denotes the unique line with signed distance p € R! from o and an angle ¢ € [0, ) measured
anticlockwise between the z-axis and normal vector v(p) = (cos g, sin ¢) on the line with direction in the
half-plane not containing o. Now we are in a position to define the main subject of this paper.

DEFINITION 1. A CP = = =L, in the Euclidean plane R? derived from the stationary independently marked
PP 5175 ¢ 18 defined by the random union set

Era = (9(P, @) @ blo, Ry)). (1.1)

Our first aim is to prove the mean-square convergence (and thus the convergence in probability) of the ratio
|=Z N oK|2/|oK |2 to the deterministic limit 1 — exp{—AE|=|;} as ¢ — oo for a compact star-shaped set
K C R? with respect to the origin o, an inner point of K; see Theorem 1. The Brillinger-mixing condition
put on the ground PP ¥ ~ P is essential to obtain this result. Our second main result, Theorem 2, shows the
existence and explicit shape of the asymptotic variance

lim o3 Var |5 N oK|y =: 05(K, F,G). (1.2)
00—

Theorems 1 and 2 generalize some of the results obtained in [13] and [14] (in particular, Theorem 2 in [14])
for Poisson CPs in R? to planar CPs generated by Brillinger-mixing PPes.

The limit 0% (K, F,G) is positive and finite (if E|=p|? = 4ER3 < oc) and depends on the shape of
K, the intensity A, the first and second moments of F’, and the distribution function G, which is assumed
to be continuous (not necessarily absolutely continuous). A purely discrete distribution function G yields
different expressions for a%(K ,F,G) evenif ¥ ~ P = [I, is a stationary Poisson PP with intensity A\ > 0;
see [13,14]. A distribution function G without jumps implies that P(®( = &) = 0 if the angles ¢y, P71 ~ G
are independent. Note that the order ¢? of the growth of Var | N oK |5 is much faster than the growth of the
area |oK|o = 0?|K|2, which reveals a typical feature of long-range dependence within the random set (1.1)
and in general need not be closed or stationary.
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2 Basic assumptions and main results

Recall that the kth-order factorial cumulant measure %) (-) of a PP W ~ P for k € N is defined by

k l
(5 m) = e S [[e# (B, @

/=1 K1U"'UKg={1,...,k} ]:1

where (%) denotes the kth-order factorial moment measure of W ~ P defined by

a(’f>('>k<13j> ::E< i 1Bl(Pil)~-1Bk(Rk)>

J= (PN INSY/

for bounded Borel sets By, ..., B C R, where the sum Z# runs over k-tuples of pairwise distinct integers.
Formula (2.1) is based on the general relationship between mixed moments and mixed cumulants; see [2]

or [18]. Note that v*) is a locally finite signed measure on [R¥, B(R¥)].
(k)

Due to the stationarity of ¥ ~ P, we may define the kth-order reduced cumulant measure -, , as the
unique signed measure on [R*~1 B (Rk )] satisfying

CEDRYEETEL

B,

for all bounded sets By, . .., B, € B(RY). The total-variation measure | ed\ is defined by |’yred (fyr(e(i)Jr +

(%(eg) where the measures (%(eg) and (%(eg) are given by the Jordan decomposition of the s1gned mea-

sure ’yr(;)l = (’yr(;)l) (fyr(g) The total variation of ’y( (3 on [RF=1 B(R*~1)] is defined as H’Yred”TV =

Furthermore, if 7( 3 possesses a Lebesgue dens1ty c( 3 on Rk ! (called the kth-order reduced cumulant

density), then we need the usual L,-norm Hcrequ = ka . \cred( )|q dz)'/? for k > 2, the modified Ly-

norm HcredH = Jor (Jpr—2 |cred(a: p)|?dz)/edp for k > 3, and Hcred|| Hcred||q, where 1 < ¢ < oo.

Pormally, we may put [y llrv = 1and |1y = ez :

k k;
of ¢t imply that ||} 11 = 727y and |11 = 1115 = W) |7y for all & > 3

:= 1. Note that the existence and integrability

DEFINITION 2. A stationary PP ¥ ~ P on [R', B(R!)] with intensity A\ > 0 satisfying E¥* ([0, 1]) < oo for
all k£ > 2 is called

(i) Brillinger mixing if ||y\)||7v < oo forall k > 2,

(ii) strongly Brillinger mixing if there are constants b > 0 and @ > b~! such that H’YredHTv < ab®k!,
(k)

(iii) strongly Lq-Brillinger mixing (vesp., strongly Lg-Brillinger mixing) for some g > 1 if there exists ¢, 4
such that Hcg()iﬂl < oo and HCEZHQ < ag (by)k k! for k > 2 with constants b, > 0 and a; > (b,) !
(resp., HCESC)IHE < af (bf)" k! for k > 2 with constants b} > 0 and a}; > (b)™").

Remark 1. In general, the Brillinger-mixing condition is formulated for stationary PPs on R%,d > 1. This
condition expresses some kind of mutual asymptotic uncorrelatedness of the numbers of points in bounded sets
with unboundedly increasing distance from each other. This type of weak dependence does not necessarily
imply ergodicity (see [9]), but allows us to prove central limit theorems for various stochastic models related
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to point processes, for example, in stochastic geometry, statistical physics for d > 1, or in queueing theory
for d = 1; see, for example, [12]. In [10, 11] the relations between (strong) Brillinger-mixing and classical
mixing conditions are studied. Strong Brillinger mixing requires exponential moments of the number of points
in bounded sets. For any dimension d > 1, examples of such point processes are determinantal point processes
(see [8]), Poisson cluster processes if the number of daughter points has an exponential moment, certain Cox
processes, and Gibbsian PPs under suitable restrictions; see, for example, [17]. For d = 1, renewal processes
with an exponentially decaying interrenewal density (see [12]) and, among them, the Erlang and Macchi
processes (see [2, p. 144]) are strongly Brillinger mixing.

Our first result can be regarded as a mean-square ergodic theorem for the random set (1.1).

Theorem 1. Assume that a stationary PP W ~ P on R is Brillinger mixing. Further suppose that ERy < oo
and @y ~ G has a continuous distribution function G. Then

[ZENeK|2 2P -

81— exp{ - AE|5|, Y, 22

|oK |2 000 xp [Sol1} 22

which immediately implies the convergence in probability of the ratio |= N pK|a/|0oK|2 and its LP(P)-
convergence for any p > 1. The limit (2.2) is the same as that for the Poisson PP W ~ II,.

Our second result provides an exact asymptotic behavior of the variance of the area of the cylinder pro-
cess (1.1) that is contained in a star-shaped set o/ growing unboundedly in all directions. For this purpose,
in comparison with Theorem 1, we need a strengthening and quantification of the usual Brillinger-mixing
condition.

Theorem 2. Assume that the stationary PP W ~ P on R is either strongly Brillinger mixing with b <
1/2 or strongly L,-Brillinger mixing with (E|Zp|1)'~Yb, < 1/2 or strongly L;-Brillinger mixing with
(E|Zo]1)t 1/qb"‘ < 1/2 for some q > 1. Further suppose that ER? < oo and 450 ~ G has a continuous
distribution functzon G. Then the limit (1.2) is positive and finite with

0B (K, F,G) = e 2Bl ((E|5))) 2 (RN CFF 4 2|5, 305K), (2.3)
where
7 rr(pEm/2)
ClG’K::/(E‘g(paéo)ﬂthdp and GK / / ‘Kﬂ <K+8v<g0:t ) dsdG(y)

Rl
with ri (¢) = max{r > 0: rv(¢)) € K ® (—K)}, where ri (1)) = rg (¢ & m) for reasons of symmetry.

Remark 2. In the particular case K = b(0, 1), we can show that CIG’K = 16/3 and CzG’K = 8/3 are indepen-
dent of the distribution function G. If @ is uniformly distributed on [0, 7], then we get

G K 1 T 2 G.K 1 d(l)dy
cy;t = NK| d d d 5" = .
! w2/</‘g<p’“0) g 9”) P 2w//Hw—yH
R 0 K K

The latter double integral is known as the second-order chord power integral of K; see, for example, [14,
p. 327] and [19, Chap. 7] for integral geometric background.

The proofs of our results are based on series expansions of expectation and variance of the area | =N oK |2 in
terms of the factorial moment and cumulant measures of the PP ¥ ~ P; see [2, Chap. 5.5]. These expansions
and their convergence are studied in Section 3 using the above-defined Brillinger-mixing conditions. The
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asymptotics of these expansions (as ¢ — c0) are studied in Sections 4 and 5. Note that the study of non-
Poisson CPs is much more complex and difficult than that of Poisson CPs. To emphasize the basic ideas on the
one hand and to keep our mathematical tools as simple as possible on the other hand, we study only planar CPs.
In the proofs of our results, we have shortened some longer calculations at certain points. For more detailed
derivations, we refer the interested readers to [5].

3 Factorial moment expansions of E|= N oK |, and Var |E N oK |,
The distribution of a random closed set = is determined by its Choquet functional (see, e.g., [15] or [16])
T=(X):=P(ENX #0) forX €K,

where Ky denotes the family of nonempty compact sets in R?. The following lemma shows the connection
between the Choquet functional and the probability generating functional (PGF) Gp|w(-)] of ¥ ~ P defined
for Borel-measurable functions w : R' — [0, 1] satisfying [5, (1 — w(x)) da < oo by

Gplw()] :=E< H > / I1 w(p)P(dw), 3.1)

v({P:})> peERY: ¥({p})>

where N denotes the set of locally finite simple counting measures on the Borel o-algebra B(R%).
Lemma 1. For any X € Ko, we have the representation

T=(X) =1-Gp[1=P(() € [-Ro, Ro] & (v(®o), X))], (3.2)
where (v(®Pg), X) := U, cx (v(Po), ) with (v(p),x) = M cos o + 2@ sing for v = (2, 2(?)) € R2,

To simplify the notation, for k > 2 (not necessarily distinct) points z1, . ..,z € R2, we define

k k
wgl’...wk(p) =P (p € U (Eo + <v(@o),mi>)> and lewk( = ( ﬂ =+ <v (Do), >)>

i=1 =1
For brevity, put w, (p) := wy/ (p) = w}(p). Obviously, wy . (p) = wy, (p) + wa, (p) — Wl ., ().
Corollary 1. For X = {x1,...,x} with pairwise distinct points 1 . .., x}, € R, we have
PxieZ%.. o, € 5 =1-T=({zr,...,2}) = Gp[l —wy, .. ()] (3.3)

Proof of Lemma 1. 'To prove formula (3.2), we use the orthogonal matrix

O(p) = <C-°S“’ ~ s “0> , (3.4)

sing  cosp

which represents an anticlockwise rotation by the angle ¢ € [0, 7), so that we have v(p)O(¢) = (1,0)
and v(¢) = (1,0)0(—¢), since O(—p) = OT(p) = O~1(y). Using the PGF (3.1) and the independence
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assumption in the definition of (1.1), we obtain

1-T=(X)=P(ENX =0) = P< N {(9(P.®) @ blo,R)) NX = 0)})
i U({P;})>0

:/ 1 P9 @)@ blo,Ro)) N X =0 | & =) P(dy)

N PER': ¢({p})>0

_ / [T (1-P(pe o R & (0(@o), X)) P(de). (3.5)

N PERL: %({p})>0
To verify (3.5), we use the fact that « € g(p, ¢) @ b(o,r) iff p € [—r, 7] + (v(p), ), which implies
{(g(p,Po) ®b(o, Ry)) N X # 0} = {p € [~Ro, Ro] & (v(D0), X)}.
Obviously, (3.5) coincides with (3.2). Hence the proof of Lemma 1 is complete. O

We recall the fact that the probability space [£2, F, P] on which the marked point process ¥, . 1s defined
can be chosen in such a way that the mapping (z,w) — 1z(,)(z) € {0,1} for (z,w) € R? x {2 is measurable
with respect to the product o-algebra B(R?) ® F; see Appendlx in [7]. This enables us to apply Fubini’s
theorem to the family of indicator variables {1=(z), 2 € R?}, so that the kth-order mixed moment function

k
p(_f)(ml,..., —E<H Em]> Plx1eZz, ...,z € 5), z1,..., 25 € R?, (3.6)
is B(R?¥)-measurable for k € N := {1,2,...}. The mixed moment functions p(_) (x1,...,zk) of the random

field {1=-(z), z € R?} are represented i 1n (3 3) in terms of T’z and the PGF (3.1).

Let us fix a star-shaped set K € Ko contalnlng the origin o as an inner point. Further, let o > 1 be a scaling
factor tending to infinity implying that oK 1 R? as ¢ — co. The second-order mixed moment functions (3.6)
fulfill the relation

2)

@ T9) = pg. (T1,22) — Pz

P (1)(

1,22) — p) (21)p2) (

21)pY &

(1)(

z1)pz: (w2).

By applying Fubini’s theorem together with (3.2) and (3.4) we get that
E|ZNoK|y = /p(:—l)(a:) dz = ¢? /TE({Q:L‘}) dz = ¢* / (1-Gp[l —wya()]) da. (3.7)
oK K K
By Corollary 1, together with the equality
Var |Z N oKy = / / 2(x1,x9) p(:l)(ml)p(:—l)(mg)) dxq dao,
oK oK

we obtain the following:

Lemma 2. We have

Var [N oKly =0 // <GP W o ( HGP — Wog, )]) dzy dzs. (3.8)

Lith. Math. J., 63(1):58-80, 2023.
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As a consequence of (3.7) and the definition of the factorial moment measures alk) of ¥ (see [3, Chap. 9.5]),
we get the following series expansion:

o0
- —1)"
E|ZNoK|p=0") ( k)! /me p;) a®(dpy ) dz, (3.9)
k=1 K Rr J= 1
provided that the series on the right-hand side is convergent, where p; j, := (pi,...,px) fork > iandi = 1or

1 = 2. By the Bonferroni inequalities (see [3, Prop. 9.5.VI]) it follows that

m— l _ k
1— GP 1— wg:c Z /ngcc(p]) ()(dplk /ngx p] dpl m) (310)
k=1 RE j=1 rm J=1

for all m > 1 and = € R2. Consequently, the right-hand side of (3.9) is convergent if and only if

H Wog p] dpl m) mjgo 0.
]Rnl ] 1
To show this convergence, we express o™ by the factorial cumulant measures v\¥) k = 1,... m, where

y(B) = oY (B) = \|B|; and

a® <ik<1 BZ-> - Zk: 3 ﬁ’y(#Kj) (é{ BZ-) for k > 2. 3.11)

(=1 K U---UK,={1,...,k} j=1

Representation (3.11) follows by inverting formula (2.1). This gives us a tool to prove the following:

Lemma 3. If a stationary PP W ~ P is strongly Brillinger mixing with b < 1/2 and ERy < oo, then

/ngw pj) o dp1 m) < (2b (exp{aAE|_0| }—1) :ZOO, (3.12)
Rm J=1

which, together with (3.10), implies (3.9). If W ~ P is strongly L, (L*) -Brillinger mixing for some q > 1
such that (B|Zo|1)'~Y9b, < 1/2 (E|Z0)1)'~ 1/qb"‘ < 1/2), then estimate (3.12) remains valid with a and b

replaced by aq(E|=y|; )l/q (@ (B|=Z0h a1y andb (Bl o))~ 1a (bi(E[Zo|1)' 1/4y, respectively.

Proof of Lemma 3.  Using representation (3.11), we obtain

/ H Wz p] dpl m)
an ] 1

. ¢
- nlz! Z Z H / H wee (pi) YH#E) (d(py: i € K;))

=1 K\UUK={1,...m} j=1phx; i€K;

mi . S =~ f(k)
~ m! Z Z kyl- - k! Hf( Z Z H kil (3.13)

0=1"" kyt-+ke=m j=1 =1 " kyt-thke=m i=1
ki>1,i=1....0 kb>1 1.0
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where

k
/ ngm pi) v (dpre) = A / Wz (P1) / ngm(pi+p1)7§f§(dp2,k)dp1

we =1 R Ri—1 =2

fork = 1,...,m and fixed o > 1 and z € R2. Equality (3.13) is justified by the invariance of v(* )( f 1Bi)
under permutatlons of the sets By, ..., By € B(R!) for any & € N. We proceed with

|7 ()] <*/w£’x 7 / [Yreal (@P2) dp1 = AEI Zols [yea |y < NE|Z0 10k
R? Rk-—

for all & € N. Here we have used Fubini’s theorem combined with w,,(p) < 1 for p € R, so that

/ng(p) dp = /P(p €=y + g<v(d50), m>) dp = /P(p € Eo) dp = E|=p|;.

R? R? R?

Hence, together with some elementary combinatorics, we arrive at

m

- |f m (a)‘E|E| )é m—1 maom— =
Z Z H i \b Z £!01 /1 < b2 ! (exp{a\E|Zo|1 } — 1).

t=1" kit-tke=m i=1 =1
ki1, i=1...,

Combining (3.13) with the latter bound for b < 1/2 immediately leads to estimate (3.12). Under the strong
L,-Brillinger-mixing condition, we may express f(k) for k > 2 as follows:

f(k) =/\/wa p1)E / H1:+g 2y (Pi +p1) fec)l(pa k) dpa i dp1,
R Rk—1 1=2
where =; = [—R;, R;], and (R2,P2), ..., (R, Pk) are i.i.d. random vectors with the same distribution as

(Ro.9¢). Applying Holder’s inequality for ¢ > 1land p = ¢/(q — 1), Lyapunov’s inequality E|Z|'/? <
(E|Z|)Y/P = (E|Zp|)'~1/4, and the condition Hcfec)lﬂq aq(by)¥k!, we obtain that

‘f ‘ )\HcredH E‘~1‘1HE|“Z|1/p )‘HCEZHq(E|50|1)1+(k_1)/p
=2

= \1 — \1-1/q\k
< Aag (BIZ0h) " (5, (BIZok) ) ke
for all k € N. The latter estimate with ay and bj instead of a, and b, can be shown under the strong Lg-

Brillinger-mixing condition. The details are omitted. Finally, we have to repeat the foregoing steps with the
latter bound for f(k), which completes the proof of Lemma 3. O

4 Some auxiliary lemmas
The following Lemmas 4—6 are essential for the calculation of the terms on the right-hand side of (2.3). It is

interesting that the assumptions in these lemmas are rather mild in comparison with the Brillinger-mixing-type
conditions in Theorems 1 and 2.
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Lemma 4. Let ¥ ~ P be a stationary PP on R satisfying Hyr(fG)IHTV < oofork=2,...,m, wherem > 2 is
fixed. If ERy < 00 and @y ~ G has a continuous distribution function G, then for (not necessarily distinct)
points 1, ..., T, € R?\ {o},

ngx, (p) o™ (dP1m) — (AEIZoh)™ 4.1)
gm J=1

From Lemma 4 and (3.10) we obtain the limit of the ratio E|= N oK |3/|o K |2 as o — <.
Corollary 2. Let W ~ P be a Brillinger-mixing PP on R'. If ERy < oo and g ~ G has a continuous

distribution function G, then

E|Z N oK — (D =
| \QKT; : s Z ( k)l (AE|:O|1)I€ =1 —exp{-AE|Zo)1}.
k=1 ’

Proof of Corollary 2. Relation (4.1) for 1 = - - - = x,,, = x # o applied to inequality (3.9) yields

m— 1 k: 1 \E \E|= m
hmmf(l—Gp[l—wgw ( E 0|) <( [Zol1) for any m > 1.

0—00 k" = ’I’)’L'
k=1

This inequality is also valid if lim inf,,_, « is replaced by lim sup,,_, . Letting m — oo shows thatlim,, o (1—
Gp[l — wye(+)]) exists, and combining this with (3.7) reveals that

e — k
E[ZNoK|ps 1 / B _ (=D (AE|Zoh)
leKla K2/ (1=Grll —we))do 22 2 ’

which immediately yields Corollary 2. O

Lemma 5. Let ¥ be a second-order stationary PP on R! satisfying H%(gc)l”TV < oo. Further, suppose that
ERy < 0o and &g ~ G with (not necessarily continuous) distribution function G. Then

2
0 [ [ woxlor)u (p2) 12 (dp12) dx,y) 2 MEIZ)ERY) [ (Bloo,00) 0 K1) dp
K2 R2 R!
Lemma 6. I[f ER3 < oo and &y ~ G with (not necessarily continuous) distribution function G. Then

(so

7/2)
1) = o [ [ aigeo) dpaley) — 281508 / ‘Kn (1+s0(p27))
2
0 0

K2 R?

dsdG(yp).

Proof of Lemma 4. We apply (3.11) for k = m to o™ (dp1,m), which allows us to express the left-hand side
of (4.1) as follows:

— V4 m
S Y 10 / TT wer, (p) 159 (d(pis i € K5)) + A" / T] wer, (07) dpim.

/=1 K1U"'UK£={1,...,1’)’L} 7=1 R#K; iEKj Rm j=1
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Applying Fubini’s theorem shows that the last summand coincides with the right-hand side of (4.1). Hence the
proof of Lemma 4 is complete if the remaining summands in the foregoing line disappear as ¢ — oo, and this
follows by showing that, for k = 2,...,m,

k k
k
/ H Woz, (Pi) 'V(k) (dp1k) = A / Wz, (P1) H Woz, (Pi + P1) %(ec)l(dpzk) dps
B =1 R i=2
converges to 0 as ¢ — 0o. Since 0 < wyy, (p; +p1) < 1fori = 3,..., k, it suffices to prove that

/ P(p1 € S+ 0(v(@0).21))P(p1 € S+ o{v(o), 2) = p2) dp1 |11eg | (dP2s) — 0.
RF-1 R1

Since the total-variation measure |7r(g| is finite on R*~! and the inner integral over R! is bounded by E| 5|1,
we have only to verify that the inner integral vanishes as ¢ — oo. For this purpose, we rewrite this integral as
the expectation over indicator functions

/E1{51+g<v(qs1),x1>}(p1)1{52+g<v(¢2),x2>—p2}(p1) dp1
Rl
= E‘El N (52 — p2 + Q(<U(@2),IL’2> — <v(§l51),a:1>))

17

where =; := [—R;,R;] and ®; for i = 1,2 have the same distributions as =y = [—Rp, Ry| and P,
respectively, and Ry, R, @1, P2 are mutually independent random variables. The right-hand expectation
in the last line converges to 0 as o — oo. This can be verified as follows: For ¢« = 1,2, fix two points
x; = ||2||(cos(ay),sin(e;)) € R? and two points v(¢;) = (cos(;), sin(y;)) on the unit circle line. We easily
see that the equality (v(¢1),21) = (v(p2),z2) or, in other words, ||| cos(p1 — a1) = ||z2|| cos(p2 — ag)
holds for finitely many pairs ¢1, w2 € [0, 7]. Hence, for two independent random angles &1, 5 with continu-
ous distribution function G, we have P((v(®1), 1) # (v(P2),z2)) = 1 for any two points z1,zo € R? with
[zl + flz2]l > 0. O

Proof of Lemma 5. The stationarity of ¥ ~ P implies v(?)(dp; o) = )\%(zc)l(dpg — p1)dp1, so that

0 //ng(pl)wgy(pg)d(x,y) 7(2)(dp172) = Q)\//ng(pl)wgy(pz +p1)d(x,y) ’Yﬁiﬁ(dpz)dpl
R2 K2 R? K2

with integration over points x = (z(1), 2?)) € K andy = (y(V),y?) € K. As in the proof of Lemma 4, we
express the product of the probabilities wyx(p1) = P(p1 € {---}) and wyy (p2 + p1) = P(p2 +p1 € {---})
as the expectation of the product of the corresponding indicator functions 1...y(p1) 11...3(p2 + p1). We fix
= = & (compact sets in R and @; = i (angles in [0, 7]) for ¢ = 1,2 and omit the expectation in front of all
other integrals due to Fubini’s theorem. The intensity A is also suppressed. Thus we only treat the integral

Jo(K, &1, 01,82, 02) i= /Q/1§1+g<v(4p1),x)(p1)1§2+g<v(<p2),y>(p2 +p1)d(x,y) ’Vr(fc)l(dpz)dpl. (4.2)
R2 K2

Now we substitute x = sO(—¢;) and y = tO(—y3), where s = (s, 5)), t = (1) ,¢?), and O(yp) is
defined by (3.4). Then 2 = s cos 1 — s sin V1, 2@ = sW gin 1+ 52 cos p1and y; = tM cos o —
t@ sin @y, yo = tMW siny 4 t3) cos wo. Hence, since O(p;)~" = O(—y;) for i = 1,2, after a further
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substitution of p; by p1 + 0 tM), we get that integral (4.2) takes the form
2
Q///1KO(§01)(S)1KO(@2)(t)1§1+g(s<1>—t(1))(p1)1£2(p2 +p1) dsdt 72} (dp2) dpy.
R2 R? R?
The invariance pro ertles of the one-dimensional Hausdorff measure on R2 (also denoted by |-|;) yield

g LrO(p1)(8) d lg(s(), 1) N K|, and le 150(p) (¢ t)dt® = |g(t™), py) N K|;. In the resulting
integral, we substltute s(l) = s/g + ¢ and t(M) = ¢, so that J, o(K &1, 01, &2, gpg) is equal to

e

2 alle e (') / lg9(t,01) N K, [g(t, 02) M K|, . 43)

Le,+(p1)1e, (p2 + p1) ds dt %) (dp2) dpy

To justify the latter limit, we have used that [g(s/0+ ¢, 1) N K1 < diam(K), so that Lebesgue’s dominated
convergence theorem can be applied. Furthermore, we easily see that

‘JQ(K7 617 ®1, 627 @2)‘ < dlam(K)|K‘2|€l|l‘§2‘l H’Yr(z(?IHTV (44)

Combining (4.3) with the independence assumptions shows that the limit of AEJ,(K, =1, P, 5, P2) as
o0 — oo coincides with that stated in Lemma 5. O

Proof of Lemma 6. We rewrite the integral .J,(K) as follows:

JQ(K):Q/lKEB Y)|E N (K ~y)|,E|Z0 N (50 + o{v(®o),y)) |, dy
2T 00
= //1K@ v(Y))|K N (K —rv(zp))‘QE!Eoﬂ (Eo—i-grcos(w—@o))!lrdrdw

21 i (Y+Po)

:QE/ / |Kﬁ(K—rv(@o+¢))|2|50ﬁ(Eo—l—grcos(?[)))‘lrdrdw

0 0

with 7, (1)) as defined in Theorem 2. Here we have used the substitution y = r v(¢) and the independence of
@ and Ry. Further, since v(¢) + ) = —v (), by the shift-invariance of |-|;, the motion-invariance of |-|2, and
the fact that by the definition of rx (1), r > rg () iff ro(y) ¢ K & (—K) iff KN (K +rv(y)) =0, we
arrive at

Jo(K) = QQE// |K N (K +7v(®+v))|,]Z0 N (S0 + or cos(¢)) |7 dr dip
0 0

odzrdr

\/7’2 — 2

|20 N (S0 + 02)],

:2E//‘Kﬂ<K+rv<¢o+arccosi>>
2
0 —r
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by substituting ¢ = arccos(z/r) for z € [—r,r| and changing the order of integration. After changing once
more the integration order over z and r and substituting z = u/ o, we can proceed with the abbreviation

h(r,z,p) ::rv<g0+arccosz> = (zcosp — Vr2 — 22sin o, zsing + \/T’Q—ZQCOSQO),
r

where 0 < ||h(r, 2z, 0)|| = r < ri = max{rx(¢): 0 < ¢ <7} < diam(K), which shows that

F drd

K):2E/ / 'Kn(KJrh(r, M,%)) =0 N (S0 +u)|, e
4 2 \/7“2—“3

R [ul/e e

TK
N 2E//‘Kﬁ <K+rv<@0+w>>
0—00 2 9
R 0

In the last step, we could apply Lebesgue’s dominated convergence theorem since the inner integral in (4.5)
over r is bounded by |K |2 diam(K') and the mapping z — h(r, z, ¢) is continuous in z = 0 with h(r,0, ) =
rv(p + 7/2) and arccos(0) = 7 /2. Finally, we use the relation [, |59 N (Zp + w)|1 du = |Zp|F = 4R and
the independence of @y and =, which provide the statement of Lemma 6. O

4.5)

E|Z) N (5 + u)|, dr du.

5 Proofs of Theorems 1 and 2

Proof of Theorem 1. According to the definition of L?(P)-convergence, the limit (2.2) is proved if

‘EmQKb )2 Var|_ﬂgK|2 <E|EﬂgK‘2 _ )2
B n AB|Z + —(1— —-)\E|=
< 0K 2 ~ (L= exp{=ABIZ0]1 }) 0K |3 0K 2 (1—exp{-AE|Zo|1})

vanishes as o — oco. In view of Corollary 2, it remains to prove that o=* Var |Z N oK |y — 0 as ¢ — oo. For
this purpose, we use the variance formula (3.8) of Lemma 2 and show that

Gp[l —wy oy ()] = Gp[1 —wy(-)]Gp[1 —wpy(-)] — 0 (5.1)

ox,0y oo
for any distinct points x,y € K \ {o}.

For this, we make use of the finite expansion (3.10) of the PGF G p[1 — wx ()] with remainder term, where
w,x can be replaced by any Borel-measurable function w : R! — [0, 1]. For brevity, we put

Sm(w) == Z DETy(w)  with Tj(w) k'/Hw pj) o dplk) for 1<k<meN.
k=1 Rk J= 1

Hence (3.10) reads as |Gp[1l — w(:)] — Sy (w)| < Ty, (w), which leads us to the following estimate:

‘GP [1 - ij gy(')] —Gp [1 - wa(')} Gp [1 - w@y(')} - (Sm (ng,gy) — Sm(wex) Sm(wgy)”
< T (wihy, gy) + T (Wox ) + Tin(wey ) + Tin(Wox ) T (wpy) forx,y € K\ {o}andm >2, (5.2)
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where we have additionally used that Gp[l — w(-)] < 1 and S,,(w) < Gp[l — w(:)] + T),(w). We are now
in a position to apply the limit (4.1) of Lemma 4, which yields that for any x € K \ {o} andm € N,

1
(AE[Zo[1)™ (S AELO\ AE|So) , p (AE[Z0)™
T (wex) gjo . and Sy, (wpx) v Z — e ElZolr 4 g) -
k=0
for some 6, € [—1, 1] in accordance with |e_w — S (—2)R /K < 2™ /m! for allm € N and 2 > 0.

Next, we have to find the limit of T, (w 5y gy) as o — oo. Using the relation wy . (p) = wx(p) + wy (p) —
w and taking into account that the factorial moment measure " is invariant under permutations o
(. (p) and taking int t that the factorial t (m) t under permutat f
its m components, we may write

1 m
T (ng,gy) ~m) H (ng(pj) + wgy(pj)) am (dp1,m) (5.3)
rm J=1
m J4 m
1
+ m) Z <7Z> /Hw;agy(pi) H (wQX(pj) + wgy(pj)) a(m)(dme)_
T =1 pm =1 j=0+1

There is at least one term why . (pi) = P(pZ (20 + o(v(Po),x)) N (ZEp + o{v(Py),y))) in each summand
of the last line that will be integrated over R! with respect to dp;, so that after expressing o™ by cumulant
measures (see (3.11)), the expectation E|=y N (5 + o (v(Py), y — x))|; emerges and vanishes as o — oo
if x # y. Thus the last line completely vanishes as o — oo, whereas the line (5.3) converges to the limit
(2A\E| =1 )m/m' as 0 — oo by applying the limit (4.1) once more. Therefore for any m € N and x # y, we

obtain that Tr, (wpy o) — (2AE[Z0[1)™/m! as ¢ — oo and
m—1
2)‘E‘~0‘ —2)E|Z) 1 (2AE|Z0[1)™
S gxgy Qooko =e I ‘4—02 ml

for some 0, € [—1,1]. The last limit, combined with the above limits of .S, (w,x) and Sy, (w,y ), leads to

(2AE|Zp|1)™ (AE|~0| )™ (AE[Zp))*™
+2 +
m! m! (m!)?

hm‘S ( gxgy) Sm(wQX)Sm(wgy)‘ <

0— 00

For a given € € (0, 1], we find a large enough m(e) such that (2AE|Zp|1)™/m! < ¢ for all m > m(e). Thus
the right-hand side of the last inequality does not exceed 2 & + 2 for sufficiently large m. The same bound can
be obtained for the limit (as ¢ — 00) of the four terms in line (5.2). Finally, after summarizing all e-bounds of
the above limiting terms, we arrive at

lm |Gp[l— wh ()] = Gp[l = wex()]Gp[1 — wey()]] < 2(2¢ +£%) < 6e. (5.4)

0—+00
This, together with (5.3), implies o~* Var |Z N oK |3 — 0 as ¢ — oo, completing the proof of Theorem 1. [

Proof of Theorem 2. Lemma 2 yields the equality

o3 Var|Z N oK|y = /Q(Gp [1- wjx@y(.)] — Gp [l = wex(1)]Gp[1 — wey()]) d(x,y). (5.5)
K2
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We first rewrite the integrand on the right-hand side of (5.5) as follows:
Q(GP [1 - nggy(')] - Gp [1 - ng(-)] Gp [1 - wgy(')])
= o(exp{L(ex, 0y)} = 1)Gp[l —wx(-)]Gp[1 = wy ()], (5.6)

where L(x,y) :=logGp[l — wgy()] —log Gp[l — wx(-)] —log Gp[l — wy(-)].
To study the behavior of L(px, gy) (as 0 — 00), we use an expansion of log Gp[1l — w(-)] in terms of the
factorial cumulant measures 7(’“) of  ~ P (see (2.1)):

long 1— :i

n=1

TL

nu H "(dp1n)  (see [2, p. 146]), (5.7)
Je j=1

provided the sum in (5.7) is convergent. In view of (5.5) and the inequality |e” — 1 — z| < z2e™2X(#.0) /2 we
have to find a uniform bound of L(gx, gy) and to calculate the limits

lim @/L(@x, oy)d(x,y) and lim @/ (L(ox, @y))zd(x,y)- (5.8)

0—00 0—00
K? K?

We start by noting that relations (3.10), (4.1), and (5.4) under the assumptions of Theorem 1 imply that

glg)(r)lo Gp[l —wex(-)] =e =0l 911)120 Gp[l - wQX’Qy(-)] =e [Zola (5.9
and
lim L(px,0y) =0 (5.10)
0—00

for all distinct points x,y € K \ {o}. The limit (5.10) suggests that

lim o [ (exp{Liex, ov)} ~ 1) dx,y) = Jim o [ Liox,ay)dix.) (5.11)

0— 00
K? K?

where the existence of the limit (5.11) has yet to be shown. A rigorous proof that the second limit in (5.8)
vanishes as ¢ — oo together with a uniform bound of L(px,0y) will be given after calculation of the
first limit in (5.8). By combining (5.5) and (5.6) with limits (5.8)—(5.10) and (5.11) we see that the limit of
073 Var |5 N oKy as o — oo (if it exists) coincides with

e—ZAE‘EOh lim QL(QX, Qy) d(x7 y)

0— 00
K2

By using expansion (5.7) we are able to express the double integral of (5.8) as follows:

n!

_1\n (o)
[ettex vy = X TV i 10) = o [ Tuex ey atey)
K2 nz=1 K2

where the integrands 7}, (ox, gy ) for n € N are defined by

T (0x, 0y) /<Hw9x oy (Pj) ngx Pj) ngy pj ) ™) (dp1,n). (5.12)
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Since 7(1) (dp) A dp and wt)Jx oy (p) Wox (p) Woy (p) = ng gy(p)’ we get

— 2 G K
7Ok / / 0y (D) dpd(x,¥) = M, (K) — 20B| S0 OS5
K2 R
where the right-hand limit is just the statement of Lemma 6. The proof of Lemma 6 reveals that |T1(g) (K)| <
M, (K) < 20E| 52| K|y diam (K ). We easily see that |T1(ox, oy)| < AE|Zp|1 and T1(0x, gy) = —AE|ZpN
(50 + 0{v(®g), y — x))|1 vanishes as p — oo for x # y. In the next step, we derive a uniform bound of

T,% (K) and determine its limit as o — oo.
Since the integrand in (5.12) for n = 2 is symmetric in x, y and in p1, pa, it follows that

9)(K) = 20 / / W (p1)wgy (02) 7P (dpro) d(x, y) + T20 (K), (5.13)
K2 RQ

where, in view of |7r(82()i |(R!) < oo and the dominated convergence theorem,

|32 (K)| = 9' / / Wl o (91) (0% 4y (02) + Wox (p2) + Way (p2)) 7P (dp1s) d(x, y)

K2 ]R2
<o [ [ @ERIE0+ o (0@ x) =) dpdicy) 0. G14)
K2 R

In the last line, we have used the same arguments as in the proof of Lemma 6, among them, the uniform
estimate J,(K) < 2E|Z)|?| K|z diam(K). Finally, Lemma 5 and (5.13) show that

(0)
B AR ®) [ (Bloe0 0 K],) dp = ABIZ)* 2 (R)CEK.

00—
Rt

In addltlon we can derlve a unlform bound of T(g)(K ). Fr012n (5.14) and the above bound of Tl(g)(K )
we get \TQ ( )| < 4H’yredHTV\T ( )| < 8A| K2 diam (K )H’yr(eéHTvE\:o\2 Hence we see from (4.4) and
(5.12) that for two independent pairs (=;,?;), i = 1,2, with the same distribution as (=p, @), we have the
following estimate:

| T39(K)| < 20E|J,(K, 51,1, 55, @) | + |3 (K)| < 10K |2 diam(K)E|Zo 2|y E) | oy -

Obviously, the limit (2.3) coincides with limy o (— T( )(K )+ T2 ( )/2). Thus the existence of the first
limit (5.8) is proved. To accomplish the proof of Theorem 2, we next show that

(o)
lim 7®(K)=0 and sup 7™ (K)|

0—0 o>1 n!

< CE  forn > 3 such that ZC’f < oo0. (5.15)

n>3

For this purpose, we need suitable uniform (w.r.t. o( > 1)) upper bounds of the integrals qug) (K) in (5.12),
which vanish for n > 3 as ¢ — oo. First, we derive upper bounds of integrals (5.12) for n € N. Using the
reduced factorial cumulant measures ’yr(g defined (in differential notation) by () (dpy.,) = A ’yr(gg ((dpi —pj
i # j))dp; for j = 1,...,n and the boundedness of the total-variation measure |’yrgd\ on R"~!, after some
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elementary calculations, we obtain the following estimates:

T.1(0%, 0y)
— / <H (ng(pz) + wgy pz H’ng pl ngy Di ) (dpl n)
gn \i=1
n—1 n k n
< <k> /ng / [T woxvi +9) TT wey i +9) 7241 (dP2n) dp (5.16)
=t R! Rn-1 =2 j=k+1
and
Tn,2(X7y)
- / (H (ng(pi) + wgy(pi)) - ngx@y(pi)) ’Y(n)(dplm)
gr =1 i=1
k n
)\Zk< >/ Wox oy (P) / ngx(pi—i-p) H W,y (Pj + ) \’yr(g(ﬂ(dpg,n)dp. (5.17)
Rn-1 172 j=k+1

For a Brillinger-mixing PP ¥ ~ P, it is easy to show that T}, 1 (¢x, 0y) < AE|Zp|; H’yred |lrv (2™ — 2) and
Th2(0x, 0y) < AE|=p)y H%(ed |ryn2™ forn > 1. If ¥ ~ P is strongly Brillinger mixing, that s, ||y, ||7v <
ab’n! for n > 1 (see Definition 2), then we get that | T}, (0x, 0y)| < Th 1(ox, 0y)+Th2(0x, 0y) < AE|=p)q %
(n+1)a (2b) n!. Thus we obtain a uniform estimate of L(ox, gy):

Z T3 ( QX oy)| _ 4A(1 =)

<4 _2b)2E|50|1. (5.18)

|L(0x, 0y)|

Similar uniform bounds of L(ox, oy) can be shown if ¥ ~ P is strongly L,-Brillinger mixing (resp., strongly
L5 -Brillinger mixing). The derivation of these bounds is completely analogous to the proof of estimate (5.22)
(resp., (5.24)) below. The details are left to the reader.

Next, we prove the announced relations in (5.15). Obviously, |T7§g) (K)| < Tr(fl) (K)+ Tég (K) forn e N,
where

Tr(L,gi)(K) = /QTn,i(QX7 oy)d(x,y) fori=1,2.
K2
First, we consider the integrals T(g) (K) for n > 3. The bound of the integral T}, 1 (0x, gy) in (5.16) shows
that T(g (K) <A (7 )I(g) (K), ‘where

k

LK) //ngx / [Twex(pi +p) [ wey®s +p) |74 |(dp2,n) dpd(x,y)

K2 R Rn—1 =2 Jj=k+1

for k = 2,...,n — 1. As in (4.2), we substitute x = uO(—1) and y = v O(—P,) with O(p) defined
by (3.4). Since O~1(p) = O(—¢) and det(O(p)) = 1, it follows that u = xO(®1), v = yO(®,,), and
(0(8). %) = (0(), WO(~1)) = (o(d—01) ) Tori = 1. and (u(8y).y) = (0(8; ~).v) for ) =
kE+1,...,n. Note that (v(®;),x) = V) and (v(®,),y) = v foru = (uV,u?) and v = (v, (), re-
spectively. Similarly to the proof of Lemma 3, we now introduce independent copies (R1, ?1), ..., (Ry, @,) of
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(Ro, ®¢) and independent copies =1, . . ., =, of =y = [~ Ry, Ro]. Then the product w,x (p) Hf:2 Wox (Pi+Dp) X
" 1 W,y (p; + p) can be expressed as the expectation
j=k+1 Woy \Pj p P

E(l“ﬁ-g@7 pl Hl i+o(v(P;), (pz+p1 H 1:J+g<v(¢) )(pj+p1)>7
j=k+1

which, together with the above change of the variables x, y, allows us to express [ (?;(K ) as follows:

k n—1
//// ( Ztoud (P) | | 1= 4o(o(@—31),w) (Pi + D) 1= 4 ow(@,—@.),v)(Pj +P)

R2 R2 R! Rn—1 1=2 j=k+1

x 1z, (pn +p — 00 )) |’Yred| dp2,) dplgo(—a,)(W)1ko(—a,) (V) dudv

n—1
_E/// / H1:+ (Bi—P1), (2D +0v D), 02())— gv<1>(pz+p H1~ i+o(u(®;—b.,), >_gv<1>(pj +p)

R2 R2 Rl Rn—1 1=2 Jj=k+1
(n) D e
X 1=, (Pn + D) | Yoo | (AP2:0) 12,4200 (P) AP 1O (— ) 0 +o\, 2

X 1KO(—¢n)(V) dz dV, (519)

where z = (z(l), z(2)). After replacing the first two products of indicator functions in (5.19) by 1, we get the
following estimate:

1) <8 [ [ [ 0zt 12,50 b8z dp
R2? R? Rl R7~1

1)

z

X 1KO(—<151) < 0 + ’U(l), 2(2)> dz lKO(—én)(V) dv

< diam(K)| K2 (Bl S0l ) /29 (R 1), (5.20)

where we have used the arguments already applied to prove (4.4). On the other hand, the product of the
indicator functions in the first line of (5.19) vanishes as ¢ — oo P-a.s. and for almost all v,z,p,p2,, € R+
with respect to the corresponding product measure. Therefore, again by Lebesgue’s dominated convergence
theorem,

lim I'9(K)=0 fork=2,...,n, n>3. (5.21)

0—00 nk
Next, we derive a further bound of [ 7(1 ,)g(K ), which additionally depends on the mean thlckness E|_0|1 =
2ER, of the typical cylinder. For this reason, we need the Radon—Nikodym density |cre d| of |7r(ed| with re-
spect to the Lebesgue measure on R"~!. Hence by using Fubini’s theorem we replace integral (5.16) over R"~!
by two iterated integrals. The first integral over p2 ,—1 € R""2 can be estimated by Holder’s inequality as
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follows:
k n—1
H1:+ (@i—B1), (20 +ov,022)) — gu—p (Pi) H 1z ow(@,—o,)w)— gv(l)—p(Pj)|C£Zc)1(P2,n)‘dpz,n—l
Rn—2 1=2 j=k+1
k
<< /H15i+(v(¢f—¢1)7(z<1>+gv<1>,pz(”))—ev(”—p(pz‘)
Rn—-2 1=2
n— (¢=1)/q 1/q
X H 1EJ+Q<U(45]-—¢n)7V>—gU(1)—p(pj) dp2,n—1> < / ‘CEZ&(pz,n_l,pn)r]dpgm_l)
j=k+1 R
n—1 (¢—1)/q
= <H |5i|1> HCEZQ('»Pn)Hq (5.22)
i=2

for all ¢ > 1 and any fixed p,, € R!, where HCEZC)I(, Pn)||q coincides with the term in front of the equality sign
in (5.22). Combining estimates (5.16) and (5.22) with |g(p, ) N K|; < diam(K) for (p, ) € R x [0, 7],
Jzi l9(p,¢) N K| dp = |K|s, changing the order of integration, and finally applying Lyapunov’s inequality,
we arrive at

n—1 (¢=1)/q
ma<e [ (H wl) [ =2 sp(20)1, 5,09
=2

R! R! R! R?

X

g<ZQ1 +o0), ¢1> N K‘ |9, ®,) N K|, dpdp, dz dv®
1

< diam(K) | K] / 1), dpa (B Z0] ) 002,

The latter estimate reveals that the limit (5.21) remains true if instead of ||’7redHTV < oo, the L}-norm
epoqlls = [ HcEeG)l( p)|lq dp is finite for some ¢ > 1 and n > 3. Furthermore, in view of estlmates (5.20)
and (5.22), we see that

n—1
T (K) =2y <Z> I)(K) < Adiam(K)| K2 (2" — 2) (B| Zo|y) "~/ |2
k=1
and
7' (K) 24 1 (a=1)/
3 L < (Bl diam(K)[K |y > (26 (B[Zph) ™" )"
n>3 ’ n>3

_ Aa; (E|Zo[1)%/4 diam(K)| K|
S 1205 (E[Eh) e

provided that the strong L7-Brillinger mixing condition with bZ(E|Eo|1)1_1/ 7 < 1/2 is satisfied.
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Next, we derive two different bounds for the sum T,(ng) (K) defined in (5.17). For doing this, in analogy

to [ 7(1 ,)g(K ), we need uniform bounds (only depending on n) of
k n
19w = [ Twatei+9) T] werlos+2) b2 (dpa) for2<k<n.
Rn—1 1=2 ]:k"‘rl

Since here the integrand of the integral vanishes as o — oo, it follows, again by Lebesgue’s dominated
convergence theorem, that

lim Jigg( )=0 and J(Qll !’yred|(R"_l) fork=2,...,n, n>3. (5.23)

0—00 )

Furthermore, if HCEZC)I | < oo for some g > 1, then we obtain the alternative estimate

k n
JE ) = E / Lzt o(u(@:), x)—p(Pi) 12,4 olu(@,), y)—p(P5) S (P2,n) A(P2,n)
Rn-1 1=2 j=k+1
- . (n) q /e (n—1)(a-1)/q
<E[[I=“ ’”( / [efed (P2.n)| dpz,n) < (Bl=Zoh) leteall, 524
i=2 Rn—1

Further, from the definition of Tr(fz) (K) in (5.17) and the estimate J,(K) < 2 diam(K) |K |2 E|Z,|? ob-
tained in the proof of Lemma 6, we arrive at

)\nz< _1> //ngxgy p1)dp1 d(x,y) Jmax sup JT(L,)C( )

<k<n peER!
K2 R!

— 2”—1 ( )
An2" T (K );gggnsgw D J,%(p)

< An2" diam (K)| Ko E| 5|3 (B|Zol) ") 2]

Under the assumption that ¥ ~ P is strongly Brillinger mixing with b < 1/2 or strongly L,-Brillinger
mixing with b, (E|Zp|;)! /7 < 1/2, we obtain the estimates

2AabE| 5|2 diam(K)| K |

(o)
Tn2(K) — 9 . n—1
Z n! < 2XabE| 5|} diam(K)| K |2 E n(20) < (1 —2b)2

n>3 ’ n>3

and
5 T,5(K) _ 22agb,E| Zoff diam(K)| K,

nl < (1—2bq(E|EO|1)1—1/‘1)2 , respectively.

n>3

Finally, b;f summarlzlng the above-proved relations (5.20)-(5.24) and the convergence of the series
Zn>3 Tn p K)/n! for i = 1,2 we get (5.15). It remains to show that the second limit in (5.8) vanishes.
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Putting L(x,y) := L(x,y) 4+ T1(x,y) — Ta(x,y)/2, we get that

@/ (L(ox, 0y))* d(x,y) < 2/@(f(gx, QY))2d(X7Y)+4/Q(T1(Qx, oy))” d(x,y)

K2 K2 K2
+ /@(TQ(@x, @y))2 d(x,y). (5.25)

K2

From (5.18) we easily see that | L(ox, gy)| and | L(0x, oy )| have the same bound. Hence by combining (5.15)
and (5.18) we see that the ﬁrst integral on the right-hand side of (5.25) converges to zero as ¢ — oco. We
still have to show that [, o(T;(ox, 0y))? d(x,y) — 0 as o — oo fori = 1,2. We rewrite (5.12) for n = 1
by introducing independent pairs (=, Pg), (=1, P1) and polar coordinates y = rwv (). As in the proof of
Lemma 6, we substitute ) = arccos(z/r) for z € [—r,r] and use the function h(r, z, p) with v(¢) + 7) =
Fu (1), which leads to

/Q(TI(QX, 0y))’ d(x,y)

K2

= )\2//ngx@y(pl)ng,gy(pz)dpl dpad(x,y)
K2 R?

- AQE/glK@<_K>(y)|K NE =y, 1150 (G + e{o(@), ¥)) |, dy
=0

21 oo

RQ
_)\QE//Q‘KQ —ro(i |2H|“Z (5i + orcos(¢p — @;))|,rdrdy

:2)\2E//‘Kﬁ(K—rv(¢+¢o))‘2‘500(Eo—l—grcoszb)‘l

X ‘El N (El + orcos(¢ + P¢ — @1))|1Qrdrd1/1

<with T COS <arccos “ + P — ¢1> = zcos(Py — D1) — V12 — 22sin(Py — @1)>
r

= )\2E// |K N (K — h(r, z,¢0)|2|51 N (El + oz cos(Py — 1) — Q\/T’2 — 22sin(Pg — 451))|1

0 —r
_ _ odz d(rz) ) ) 9 9
X ‘:0 N (=0 + z)‘l ER (Wlth new variables s = r° — 2z and u = Qz)
d
)\2|K\2E// |_1 ﬂ _1 + ucos(Pg—P1) — 0v/ssin(Pg— Py )‘ ‘_o N(Zo+u |1 \/Z du. (5.26)
Rl
Here the integrals could be interchanged taking into account that ||h(r, z )H r < T as in (4.5). Since the
integrand of the double integral in (5.26) is bounded by |=1|1|Zp N (E +u)|y/ \/s and vanishes as p — o0
(P-ass.), by Lebesgue’s dominated convergence theorem and E|Z;|? < oo it follows that the integrals in
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line (4.5) vanishes as o — oo. In view of (5.13) and (5.14), the proof of Theorem 2 is complete if we show
that

2
71 = [ of [ oo ()12 @91)) dlx.3) . (527)

0—00
K2 R?
1=1,.

As in the proof of Lemma 5, we use the realizations (&;, ¢;) of the independent pairs (=, @;) for
1) 3(2)) and t
(i

,4
and omit the expectation. Again, substituting x = sO(—¢1) and y = tO(—¢s2) with s = (s =
(tW,13)), we get (v(9;),50(—p1)) = (v(p; — 1)) for i = 1,3 and (v(ip;), tO(—2)) = (v 2), t)
fori = 2, 4 Applying Fubini’s theorem together with [, 150, (t) dt® = 1g(tM, o) N K|; < dlam( )
and [p, |g(t), ) N K|, &t = | K5, we arrive at

—(0)
T (K) = Mo / / / L to(s0—t0) (P1) Ly (P2 + P1) Les 4 o(o(ps 1), 8) (P3) Lesto(v(pa—p2), ) (P4 + P3)

R4 R2 R2

X 10 (8) L K0(p0) (8) ds dt 7 (dpa) dps 7 ) (dps) dpy

=X / / / 1§1+s<1>(p1)1§2 (p2 + pl)1§3+<v(¢3—¢1), (s ot gs<2>)>(p3)
R4 R2 R2 (2) 5(1)
X Yreq (€4 + 0(v(pa — 92), t) — p3)1Ko(¢1) < 0 + M), 8(2)>

Lico(en (11, 1®) d(sM, s) (1D, 12)) dps 123 (dp2) dpy

< / / / Lest(o(os—pn), (s<1>+gt<1>,gs<2>)>(p3)|7r(§£| (€4 + ov(pa — p2), t) — ps) dps

ROR? RS @ s
X 152 (p2 + p1)1—51+9t(1)+;01 (8(1)) "Yred‘(dpz) dp1 1KO(§01) < o 78(2))

X 1K0(¢2)(t) dsdt. (5.28)

As o — oo, the inner integral over p3 in (5.28) vanishes and is bounded by [£31 |7red|(Rl) The outer
integrals overs, t, p1, pa are bounded by 1€1]1 |€2)1 |7r(e()1|(Rl) diam(K) | K|2. Hence by Lebesgue’s dominated
convergence theorem the limit (5.27) is shown. Together with (5.15) and (5.18), the second limit in (5.8) is
equal to zero. Thus the proof of Theorem 2 is complete. O

Remark 3. Note that in Theorem 1 (resp., Theorem 2) the interval =y := [~ Ry, Ro] with ER} < oo can be
replaced by a finite union of random closed intervals =y C R! satisfying E|Zo|} < oo for k = 1 (resp., k = 2).
This extension is based on the definition of a process of cylinders with nonconvex bases; see, for example, [20].
Furthermore, the exponential shape of the PGF of a Poisson cluster PP ¥ ~ P (see [2,3]) allows us to simplify
the function L(x,y) in (5.6) and to reduce the Brillinger-mixing-type conditions in Theorems 1 and 2.

6 Conclusion

Strong Brillinger mixing with b < 1/2 is a rather restrictive condition for the one-dimensional PP & ~ P.
Equivalently formulated, the power series » - (2" /n!)hr(:d |(R"~1) is analytic in the interior of the disk
b(0,2) in the complex plane. Such a strong condition has been used for statistical analysis of point processes
in [4]. The Gauss—Poisson process, Poisson cluster processes with a finite number of nonvanishing cumulant
measures, and, among them, certain Neyman—Scott processes (see, e.g., [2]) satisfy this condition. On the
other hand, if a PP ¥ ~ P is strongly Lg-Brillinger mixing (resp., strongly Ly -Brillinger-mixing) for some
q > 1 with b, > 0 (resp., by > 0), then we can choose E|Zp|; sufficiently small to fulfill the assumptions of
Theorem 2, which greatly expands its applicability.
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Another question concerns the asymptotic normality of the scaled and centered total area Z(©) (K) :=
0 3%(|Z N oKy — E|5 N oK) of the union set (1.1) in ¢ K as p — oo. To achieve this goal, we need
to find conditions (as mild as possible, but certainly stronger than in Theorem 2) implying that all cumulants
Cumy,(ZQ(K)) = o~3/2 Cumy(|Z N oK) of order k > 3 vanish as ¢ — co. With the notation and by
using and extending some results in Section 3 (in particular, Lemma 2) we easily see that Cumy, (Z(@ (K)) — 0
as o — oo for any fixed £ > 3 if and only if

Ky +--ke=
ki>1, i=1...¢

k /-1 J4

k2N (1) Kt

e ; > Bl ! I1 [ Grlt—wg, . o, O] (@i, a,) =20 6D
=1 k 3=1 o,

A profound modification of the recursive technique applied in Section 2 of [13] to prove (6.1) for Poisson CPs
seems to be promising. The details will be subject of a separate paper.

Acknowledgment. The authors would like to thank the anonymous reviewer for his careful reading of the
original manuscript and for pointing out a gap in the proof of Theorem 2. His critical comments resulted in
a substantially improved paper.

Funding. Open Access funding enabled and organized by Projekt DEAL.

Open Access. This article is licensed under a Creative Commons Attribution 4.0 International License,
which permits use, sharing, adaptation, distribution and reproduction in any medium or format, as long as
you give appropriate credit to the original author(s) and the source, provide a link to the Creative Commons
licence, and indicate if changes were made. The images or other third party material in this article are included
in the article’s Creative Commons licence, unless indicated otherwise in a credit line to the material. If material
is not included in the article’s Creative Commons licence and your intended use is not permitted by statutory
regulation or exceeds the permitted use, you will need to obtain permission directly from the copyright holder.
To view a copy of this licence, visit http://creativecommons.org/licenses/by/4.0/

References

1. C. Betken, M. Schulte, and C. Thile, Variance asymptotics and central limit theory for geometric functionals of
Poisson cylinder processes, 2022, arXiv:2111.04608.

2. D.J. Daley and D. Vere-Jones, An Introduction to the Theory of Point Processes, Vol. I, Springer, New York, 2003.
3. D.J. Daley and D. Vere-Jones, An Introduction to the Theory of Point Processes, Vol. 11, Springer, New York, 2008.
4. R.D. Davies, Testing a hypothesis that a point process is Poisson, Adv. Appl. Probab., 9:724-746, 1977.

5. D. Flimmel and L. Heinrich, On the variance of the area of planar cylinder processes driven by Brillinger-mixing
point processes, 2021, arXiv:2104.10224.

6. P. Franken, D. Konig, U. Arndt, and V. Schmidt, Queues and Point Processes, Akademie-Verlag, Berlin, 1981.

7. L. Heinrich, Large deviations of the empirical volume fraction for stationary Poisson grain models, Ann. Appl.
Probab., 15:392-420, 2005.

8. L. Heinrich, On the strong Brillinger-mixing property of a-determinantal point processes and some applications,
Appl. Math., 61:443-461, 2016.

9. L. Heinrich, Brillinger-mixing point processes need not to be ergodic, Stat. Probab. Lett., 138:31-35, 2018.

Lith. Math. J., 63(1):58-80, 2023.


http://creativecommons.org/licenses/by/4.0/
http://arxiv.org/abs/2111.04608
http://arxiv.org/abs/2104.10224

80

10

11.

12.

13.

14.

15.
16.
17.
18.
19.
20.

21.

D. Flimmel and L. Heinrich

L. Heinrich, On the Brillinger-mixing property of stationary point processes, Stat. Probab. Lett., 2022 (submitted for
publication).

L. Heinrich and Z. Pawlas, Absolute regularity and Brillinger-mixing of stationary point processes, Lith. Math. J.,
53(3):293-310, 2013.

L. Heinrich and V. Schmidt, Normal convergence of multidimensional shot noise and rates of this convergence,
Adv. Appl. Probab., 17:709-730, 1985.

L. Heinrich and M. Spiess, Berry—Esseen bounds and Cramér-type large deviations for the volume distribution of
Poisson cylinder processes, Lith. Math. J., 49(4):381-398, 2009.

L. Heinrich and M. Spiess, Central limit theorems for volume and surface content of stationary Poisson cylinder
processes in expanding domains, Adv. Appl. Probab., 45:312-331,2013.

G. Matheron, Random Sets and Integral Geometry, Wiley & Sons, New York, 1975.

I. Molchanov, Theory of Random Sets, 2nd ed., Springer, London, 2017.

D. Ruelle, Statistical Mechanics: Rigorous Results, 2nd ed., W.A. Benjamin, New York, 1969.

L. Saulis and V.A. StatuleviCius, Limit Theorems for Large Deviations, Springer, Dordrecht, 1991.
R. Schneider and W. Weil, Stochastic and Integral Geometry, Springer, Berlin, 2008.

M. Spiess and E.V. Spodarev, Anisotropic Poisson processes of cylinders, Methodol. Comput. Appl. Probab., 13:
801-819, 2011.

W. Weil, Point processes of cylinders, particles and flats, Acta Appl. Math., 6:103—-136, 1987.



	Introduction and preliminaries
	Basic assumptions and main results
	Factorial moment expansions of E |Ξ ∩ ϱK|2 and Var|Ξ ∩ ϱK|2
	Some auxiliary lemmas
	Proofs of Theorems 1 and 2
	Conclusion
	References

