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ABSTRACT: In this work, we integrate the variational quantum
eigensolver (VQE) with the adiabatic connection (AC) method for
efficient simulations of chemical problems on near-term quantum
computers. Orbital-optimized VQE methods are employed to capture
the strong correlation within an active space, and classical AC corrections
recover the dynamical correlation effects comprising electrons outside of
the active space. On two challenging strongly correlated problems,
namely, the dissociation of N2 and the electronic structure of the
tetramethyleneethane biradical, we show that the combined VQE-AC
approach enhances the performance of VQE dramatically. Moreover,
since the AC corrections do not bring any additional requirements on
quantum resources or measurements, they can actually boost the VQE
algorithms. Our work paves the way toward quantum simulations of real-
life problems on near-term quantum computers.

■ INTRODUCTION
Quantum computers represent some of the most promising
recent technological advances. Despite complications inher-
ently connected to storing and manipulating information in
fragile quantum states of matter, quantum computing offers
enormous computational power, with the potential to
exponentially speed-up the solution of certain types of
problems.1 Predicting the electronic structure of strongly
correlated molecules and materials is considered one such
problem and an ideal candidate for practical quantum
supremacy.2−6

The first proposal of using quantum computers for
molecular electronic structure calculations was put forward
by Aspuru-Guzik et al.,7 who employed the Quantum Phase
Estimation (QPE) algorithm.1,8,9 QPE is regarded as an
ultimate quantum algorithm for finding the eigenvalues of
molecular Hamiltonians, which paves the way for accurate
simulations of the most complex molecular systems. However,
due to very deep quantum circuits,10 its application on
nontrivial problems requires a robust quantum error correction
(QEC),11 which is still out of reach of current and near-term
future quantum devices.
Present-day and near-term quantum computers belong to

the category of so-called noisy intermediate-scale quantum
(NISQ) devices.12 While still not offering the full QEC, NISQ
devices are believed to offer important computational
advantages and many NISQ-oriented quantum algorithms for
simulations in chemistry, physics, and material science in
recent years,2−6 most notably, the variational quantum
eigensolver (VQE).13−15 VQE trades the long coherent

quantum circuits of QPE for much shorter circuits with a
large number of measurements and could offer a quantum
advantage on NISQ devices in the near future, i.e., allow
accurate simulations of classically intractable problems.
Nevertheless, despite the huge potential of NISQ algorithms,

they certainly cannot treat larger molecular systems since
mapping of the whole system onto a quantum register would
be too demanding on quantum resources and eventually also
require QEC. Instead, the concept of the complete active space
(CAS)16 can be employed and VQE or alternative NISQ
algorithms17,18 can be used to account for the strong
correlation within the CAS. In fact, an efficient treatment of
few dozens of strongly correlated electrons would in principle
be sufficient to solve the most challenging strongly correlated
problems of computational chemistry, such as the Fe−Mo
cofactor.10

The efficient treatment of strong correlation via VQE must,
however, be coupled with adequate treatment of the missing
(out-of-CAS) dynamical electron correlation in order to
achieve chemical accuracy. The existing approaches can be
classified into two categories. The first is based on the
dimensionality reduction of the many-body Hamiltonians used
in quantum algorithms, which includes, for example, the theory
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of transcorrelated Hamiltonians or downfolding methods.19−23

Recently, the quantum flow algorithm, which is based on the
equivalence theorem,24 was presented and combined with the
downfolding methods.25 The huge advantage of this approach
is that it transforms the original large CAS problem into
coupled smaller CAS problems, which are solved self-
consistently. The second category comprises corrections by
classical postprocessing methods such as quantum subspace
expansion (QSE),26,27 or strongly contracted second-order N-
electron valence perturbation theory (NEVPT2).28 Very
recently, the combination of QSE and NEVPT2, which
corresponds to the partially contracted NEVPT2 scheme, has
been presented.29 The methods from both of the aforemen-
tioned categories suffer to some extent from inherent
limitations. The former methods need to neglect higher-body
terms in order to work with computationally tractable two-
body Hamiltonians, and the latter methods can improve
dramatically upon CAS VQE solution, however, at the cost of
additional VQE measurements, since their exact formulations
require up to 4-electron active space reduced density matrices
(RDMs).
Herein, we propose a novel method which belongs to the

second category mentioned above and integrate the VQE
algorithm with the recently developed adiabatic connection
(AC) methods for multireference wave functions.30−32 Our
approach avoids the limitation of higher-body RDMs since AC
methods require only up to two-electron active space RDMs
(2-RDMs), quantities directly available from the VQE
procedure. Therefore, neither additional quantum resources
in terms of qubits or quantum gates nor additional quantum
measurements are needed compared to the VQE algorithm. In
fact, the AC dynamical electron correlation corrections may be
computed by means of classical computational methods with
only a modest additional overhead33 and thus actually boost
the VQE algorithm.
Recently, an alternative approach based on the multi-

configuration pair-density functional theory (PDFT), which,
similarly to AC, requires only up to 2-RDMs, combined with
the quantum solver of contracted eigenvalue equations has
been presented.34 We stress that our approach, in contrast to
PDFT (a) is strictly free of the double counting problem of the
electron correlation, (b) converges to the full configuration
interaction (FCI) with the expansion of active space, and (c) is
free from approximate density functionals.
In what follows, we briefly review the basics of both the

VQE algorithm and the AC methodology. The combined
VQE-AC approach is then applied by means of classical
numerical simulations tested on two challenging strongly
correlated problems, namely, the dissociation of nitrogen
molecule (N2) and the tetramethyleneethane (TME) biradical.

■ METHODS
Variational Quantum Eigensolver. The VQE meth-

od13,14 combines classical variational energy minimization over
normalized trial wave functions ( ) parametrized with θ⃗

= | |E Hmin ( ) ( )
(1)

with a state preparation and a measurement of the
Hamiltonian expectation value on a quantum computer. This
way, one can avoid deep circuits of QPE and replace them by
shallow circuits corresponding to trial states preparation.

Nevertheless, the crucial ability of an n-qubit quantum register
to store a 2n-dimensional state vector is still exploited.
After preparing the trial state (or ansatz) ( ), the

expectation value of the Hamiltonian is measured. When
working with the second-quantized representation of the
Hamiltonian within the Born−Oppenheimer approximation
(going beyond this approximation is also possible35−37),

= + |† † †H h a a pq rs a a a a
1
2pq

pq p q
pqrs

p q s r
(2)

where hpq and ⟨pq|rs⟩ denote one and two-electron integrals in
the molecular spin orbital basis,38 respectively, the actual
energy can be computed by contraction of the integrals hpq and
⟨pq|rs⟩ with 1-RDM (γpq) and 2-RDM (Γpqrs)

= + |E h pq rs( ) ( )
1
2

( )
pq

pq pq
pqrs

pqrs
(3)

= | |†a a( ) ( ) ( )pq p q (4)

= | |† †a a a a( ) ( ) ( )pqrs p q s r (5)

The standard procedures of fermion-to-qubit mappings,39 such
as the Jordan−Wigner,40,41 or Bravyi−Kitaev,42,43 allow to
represent the strings of second-quantized operators in (eqs 4
and 5) by combinations of products of Pauli operators (Pauli
strings ∈ {σx, σy, σz, I}), and their expectation values can be
obtained by direct measurement on qubits corresponding to
spin orbital indices (or alternatively by the Hadamard test).
Then, the computed energy is passed together with the

actual values of θ⃗ to a classical optimization routine. This can
be a gradient-free optimization, such as Nelder−Mead simplex,
or some gradient-descent one, since strategies to directly
measure the energy gradients were also developed.3 The
classical optimization produces the new set of parameters θ⃗,
and the whole procedure is repeated until energy convergence.
Different types of ( ) have been used in connection with

VQE. The only condition, which must be fulfilled in order to
preserve the efficiency of the VQE procedure is that the size of
the parameter vector θ⃗ scales polynomially with system size.
The hardware-efficient ansatz, which comprises the limited
parametrized gate set and is easy to implement on a given
quantum architecture, is one example. These approaches do
not use any information about a system studied, and they have
been successfully demonstrated on several small molecules.2,44

Another category comprises chemically inspired ansatz. The
VQE methods of this type are almost exclusively based on the
unitary coupled cluster (UCC) theory45 and employ the
following ansatz

| = |U( ) ( ) ref (6)

=
†

U( ) eT T (7)

where U( ) is a unitary operator, T̂ represents the CC cluster
operator, and Ψref is an easy-to-prepare reference wave
function, usually the Hartree−Fock (HF) Slater determinant.
In case of unitary coupled cluster singles doubles (UCCSD), T̂
is restricted to particle−hole single and double excitations
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= +†

< <

† †T a a a a a a

i j a b, occup.; , virt.

i a
i
a

a i
i j a b

ij
ab

a b j i
, ,

(8)

and the CC amplitudes θia and θijab form the parameter vector θ⃗.
Generalized formulations, which do not distinguish between
occupied and virtual indices have also been developed and
numerically tested in the context of quantum simulation.22,46,47

In general, no convergent truncation for the UCCSD
expectation value of energy is known, i.e., the UCCSD method
cannot be performed efficiently on a classical computer (due to
infinite commutator expansions). On the contrary, the unitary
operation U( ) in (7) can be arbitrarily accurately
approximated by a polynomial number of elementary single
and two-qubit quantum gates.14 In other words, UCCSD can
be performed efficiently on a quantum computer by means of
VQE. Moreover, the variational UCCSD method is expected
to outperform traditional CCSD in accuracy,48 especially for
some strongly correlated problems like breaking of covalent
bonds.14,45,49

Since T̂ and
†

T in eq 7 do not commute, the exponential of a
summation of excitations cannot be written as a product of

individual exponentials. In order to decompose
†

eT T to
elementary quantum gates, some sort of numerical approx-
imation has to be used, e.g., the first-order Suzuki−Trotter
approach

= ++ ne (e e ) (1/ )A B A n B n n/ / (9)

In fact, even a single Trotter step (n = 1) can provide the
circuit ansatz, which yields accurate results and has been used
almost exclusively in UCCSD-VQE numerical studies3 (the so-
called disentangled UCCSD50). Part of the reason is that
variational optimization absorbs most of the energy difference
between the conventional UCCSD and the Trotterized form.14

After the fermion-to-qubit mapping, the exponentials of
excitation operators, such as † †a a a aexp ( )i a i i a , can be
implemented with single-qubit rotations and controlled-NOT
(CNOT) gates.41

As mentioned above, UCCSD is superior to CCSD and can
accurately treat strongly correlated systems; nevertheless, due
to its nature, it cannot fully approach FCI, i.e., an exact wave
function. Moreover, its hardware implementation requires very
deep quantum circuits. On the other hand, the so-called
adaptive derivative-assembled pseudo-Trotter ansatz varia-
tional quantum eigensolver (ADAPT-VQE)51 constitutes a
UCC-type parametrization, which in contrast to naive UCCSD
aims to adaptively build a parametrization that is able to
approximate an FCI wave function with many more shallow
quantum circuits. The ansatz is constructed in a way that
operators from a given pool are sequentially added to the
ansatz based on their contribution to the energy. More
compact and accurate quantum circuits can be achieved in this
way. ADAPT-VQE was later further improved in terms of
circuit depth using a coupled cluster-like ansatz, which is
constructed directly in the qubit representation52 and named
qubit-ADAPT-VQE.53

Adiabatic Connection. The AC theory for multireference
wave functions30 is a general approach to the correlation
energy calculations, which can be applied to any reference
wave function. If the wave function is of the CAS form, i.e. it is
constructed from inactive (doubly occupied) and active

(fractionally occupied) orbitals (the remaining orbitals form
a set of virtual orbitals), then the AC approximations aim to
recover the out-of-active-space correlation energy missing in
the CAS model. The total electronic energy can be written as

= | | +E EHCAS CAS corr
AC (10)

where Ĥ is the exact Hamiltonian (2) and E would be exact in
the exact AC formulation.
The AC formula linearly interpolates between the zeroth-

order Hamiltonian H(0)
and the exact one, Ĥ (2)

= + =H H H H H H, with and : 0 1
(0) (0)

(11)

where H(0)
for CAS reference state can be either the group

product function Hamiltonian30,31 or also the Dyall Hamil-
tonian.54

By exploiting the Hellmann−Feynman theorem, the exact
AC correlation energy formula reads as

=E W dcorr
AC

0

1

(12)

= | | | |W H HCAS CAS (13)

where Wα is the exact AC integrand and Ψα denotes the
ground state of Hα (11). The exact formulation is certainly
impractical, and a series of approximations have to be
employed in order to transform (12) into the practical
form.30,31 In the first place, all approximate AC methods
assume that 1-RDM, γ, stays constant along the AC path (so-
called fixed-RDM approximation54) because AC corrections
account for (mainly) dynamical electron correlation, which
may alter 1-RDM only marginally. Moreover, the extended
random phase approximation (ERPA)55 has been used to
approximate the α-dependent one-electron transition density
matrices, = | |†a apq p q

,0
0 , which appear in (13) after

applying the exact relation between the 2-RDMs and one-body
reduced functions: 1-RDMs and transition-1-RDMs.30

The general ERPA equations55 are derived from the Rowe’s
equations of motion (EOM)56 under the assumption that a
given excited state Ψν

α is obtained from the ground state Ψ0
α by

action of an excitation operator which includes only single
excitations

| = |†
O 0 (14)

= +†

<

† †O X a a Y a a( )
p q

pq p q pq q p
(15)

We would like to note that a related EOM approach, so-called
quantum EOM (qEOM),57−59 has been used for the
calculations of excitation energies on a quantum computer.
The indices p and q in (15) naturally go over the full orbital
space (inactive, active, and virtual) and solution of the α-
dependent ERPA equations, reading

=
i
k
jjjjj

y
{
zzzzz

i

k
jjjjjj

y

{
zzzzzz

i
k
jjjj

y
{
zzzz

i

k
jjjjjj

y

{
zzzzzz

X

Y

0
0

X

Y (16)

which would require α-dependent 1- and 2-RDMs. They are
approximated by the reference (α = 0) RDMs within the fixed-
RDM approximation and, consequently, in the natural spin
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orbi ta l s perta in ing to the CAS wave funct ion,
| | =†a a nq p p pq

CAS CAS ; the α-ERPA matrices are given as

=>
>

n n( )p q

r s
pqrs p q pr qs

(17)

[ ] = [ ] =

+ + +

+ +

+

h h n n

g g g

g g

g

( )( )
1
2

1
2

1
2

1
2

pqrs pqsr qs pr pr qs p q

tu
qtsu rupt

tu
urtp qtsu

tu
rqtu tups

tu
tusp qrtu qs

twu
trwu wupt

tuw
tuws qwtupr

(18)

where

= +h h h(1 )pq pq I I pq
eff

p q (19)

= + [ | | ]h h n pr qr pr rqpq pq
r I I

r
eff

, r p (20)

= [ + ] | |g pq rs pq sr(1 ) ( )pqrs I I I I I Ir s s p p q (21)

The symbol Ip denotes a subset of spin orbitals (inactive,
active, or virtual) which a spin orbital p belongs to. The AC
integrand, see eqs 12 and 13, is given in terms of the
eigenvectors of the ERPA equations

=

× [ ] [ ] [ ] [ ]

[ + ] |

> >

l
moo
noo

|
}ooo
~oo

Y X Y X

W n n n n

n n n n pr qs

2 ( )( )

( )( )

1
2

(1 ) (1 )

p q r s
p q r s

pq pq rs rs

p q q p pr qs

,

(22)

where prime indicates that terms for which p, q, r, s are all
active are excluded. Notice that due to the structure of the
reference CAS wave function, the RDMs with general indices
can be constructed solely from active space RDMs (with all
active indices). Consequently, the AC approximation requires
only active space 1- and 2-RDMs, quantities that are directly
accessible in the VQE procedure.
It was demonstrated numerically in refs 31 and 32, that one

can avoid the integration in (12) by linearized AC integrand
approximation, named AC0, without losing much accuracy.
Instead of solving the full ERPA problem as in AC, only the
smaller-sized ERPA equations for specific blocks (active−
active, active−inactive, virtual−active, and virtual−inactive) at
α = 0 have to be solved in the case of AC0. This results in an
overall scaling of nvirt2 nact4 , nvirtnact5 , and nact6 , where nact denotes
the number of active orbitals and nvirt denotes the number of
virtual orbitals. The computational complexity of the full AC
problem can be reduced, resulting in the scaling with the fifth
power of the system size, at fixed number of the active orbitals,
with the help of Cholesky decomposition.33 Recently, we have
combined AC methodology with the density matrix renorm-
alization group (DMRG) algorithm,60 in which DMRG is
responsible for a proper description of the strong correlation,
whereas dynamical correlation is computed via the AC
technique.

Orbital Optimization. As mentioned in the previous
subsection, the AC theory relies in its derivation on the
Hellmann−Feynman theorem, i.e., it expects the reference
wave function to be optimal with respect to all variational
parameters, in our case, UCC amplitudes as well as molecular
orbital (MO) coefficients. The standard UCCSD-VQE method
(or its adaptive improvements) does not fulfill this require-
ment. Nevertheless, orbital-optimized (OO) UCC-
VQE,27,49,61−63 as well as ADAPT-VQE-SCF,64 has been
developed recently.
The orbital rotation (unitary change of MO basis) can be

expressed as an exponential of an antihermitian operator, κ̂:65

=U( ) e (23)

where

= =E E E( )
pq

pq pq qp
pq

pq pq
(24)

in which = { }pq is a vector of orbital parameters and Epq is
a singlet excitation operator:

= +† †E a a a apq p q p q (25)

where p, q, ... denote general MO indices. The orbital
optimization is equivalent to the energy minimization with
respect to the orbital rotation parameters, κ⃗.
The OO-UCC energy can be expressed as

= | |

= | |†

E H

U H U

( , ) ( ) e e ( )

( ) e e ( )ref ref (26)

and its Taylor expansion to the second order in the variational
parameters would lead to the second-order Newton−Raphson
procedure, which couples the optimization of UCC amplitudes
and MO coefficients via the mixed second derivatives ∂2E/
∂θi∂κj.64,66
In this work, we use a simpler and computationally cheaper

two-step approach, which at the cost of slower convergence
neglects the mixed derivatives and proceeds in the decoupled
inner−outer loop fashion. In the inner loop, the UCC
amplitudes are variationally optimized, and then, in the outer
loop, for the optimized amplitudes, the gradient, gpq (and
possibly also the Hessian, Hpq,rs) with respect to the orbital
rotations can be computed

= |[ ]|g H E( ) , ( )pq pq (27)

= |[[ ] ] + [[ ] ]|H H E E H E E
1
2

( ) , , , , ( )pq rs pq rs rs pq,

(28)

We have employed the quasi-Newton Broyden−Fletcher−
Goldfarb−Shanno (BFGS) procedure with gradient precondi-
tioning as described in ref 67. Once the new set of MOs is
obtained via the BFGS method, the inner loop continues with
the new UCC amplitude optimization, and the whole
procedure is repeated until convergence.
Since the structure of the UCC single excitations is identical

to the orbital rotation operator (23), it can be absorbed into
the classical orbital-optimization routine, which was briefly
described above, and only the double excitations remain in the
UCC cluster operator (7).61 This method is denoted as OO-
UCCD.
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The combination of the OO VQE algorithms and the AC
methodology is rather straightforward; however, important
issues arise, which are related to the fact that neither UCCD-
VQE nor ADAPT-VQE (with the limited number of
iterations) correspond exactly to FCI. First, the orbital
rotations comprising only the active indices are not redundant
and should be, in principle, included in the optimization.65

Second, the wave functions provided by OO-UCCD or
ADAPT-VQE-SCF are not the exact eigenfunctions of the
zero-order Hamiltonians (11), and the question is how well
AC performs in these situations. Moreover, since AC relies on
the OO wave functions, the question remains as to how the
accuracy of orbital optimization when employing the adaptive
methods will affect the resulting AC energies. In the present
study, we addressed the aforementioned issues by means of
classical numerical simulations of challenging electronic
structure problems presented below.

■ COMPUTATIONAL DETAILS
As mentioned in the introduction, we studied two strongly
correlated problems, namely, the dissociation of N2, which
corresponds to breaking of the triple bond, and the twisting of
the TME biradical about the central C−C bond (Figure 4a).
The latter is of utmost importance for this study, since even
just a qualitatively correct description of the TME twisting
process requires an adequate treatment of both the strong
(static) as well as dynamical electron correlation.68

In the case of N2 molecule, we used the cc-pVDZ basis,
69 in

which the reference extrapolated DMRG energies of FCI
quality are feasible. We extended the standard active space
comprising six electrons in two σ and four π orbitals, CAS(6,6)
to CAS(10,8) by including two doubly occupied σ MOs
composed of 2s orbitals. The contribution of the latter to
correlation is for longer internuclear distances that are not
negligible. As it can be seen in Figure 1, for r = 2.5 Å, their
single-orbital entropies, which quantify the importance for the
active space,70 are larger than 0.1. It turns out that the fixed-
RDM approximation is more justifiable in this larger
CAS(10,8) and that the AC corrections are more accurate.

This is in agreement with ref 31, in which we showed on the
same N2 example the systematic improvement of the CASSCF-
AC0/AC results with enlarging active spaces.
The TME calculations were performed in the cc-pVTZ

basis,69 which was shown by Pozun et al. in ref 68 to be the
minimal basis, providing enough flexibility for proper
description of the twisting process. The geometries of the
TME biradical along the twisting process were taken from ref
35. The CAS comprised all π orbitals, i.e., 6 electrons in 6
orbitals, CAS(6,6).
The UCC calculations were performed with our in-house

C++ circuit-based quantum computer simulator which was
used previously, e.g., for simulated QPE computations,35,71,72

adiabatic state preparation,73 and most recently, also for VQE
simulations.22 The quantum computer simulator was inter-
faced to the local version of Orca,74 whose CASSCF routines
were extended to include active−active rotations, for the
purposes of OO-UCC simulations. The AC0/AC corrections
were computed with the GammCor program.75 All supporting
quantum chemical calculations were performed in Orca,74

except of the DMRG ones, which were carried out in
MOLMPS.76

The ADAPT-VQE-SCF as well as qubit-ADAPT-VQE-SCF
simulations were performed with the Qiskit77 AdaptVQE
routine, which was similar to OO-UCC interfaced to Orca. We
employed the parity fermion-to-qubit mapping43 and a single
Trotter step in all Qiskit simulations. We also used the
tapering-off technique based on Z2 symmetries,

78,79 which
reduced the number of qubits in TME simulations from 12 to
8. In the present work, we have performed noise-free state-
vector simulations. The effects of noise will be the subject of a
follow-up study.

■ RESULTS
Nitrogen Molecule. First, we present the results for the

nitrogen molecule, which are collected in Figures 2 and 3.
Dissociation of N2 is a notoriously known strongly correlated
problem, which single-reference methods such as CCSD, see
Figure 2, or CCSD(T) fail to describe. The UCCSD method,
unlike CCSD, provides a qualitatively correct shape of the
potential energy surface (PES); however, when restricted only
to the active space, in our case CAS(10,8), the energy is too
high due to missing dynamical correlation energy.
As can be seen in Figure 2a, the UCCSD PES parallels

closely the CASCI one for shorter internuclear distances and
starts to deviate for longer distances, where the multireference
character of the ground state wave function is more
pronounced. The orbital optimization brings some amount
of the out-of-CAS electron correlation and decreases the
energy considerably. Similar to UCCSD, the OO-UCCD PES
follows the CASSCF PES for shorter distances and deviates for
longer ones. Most importantly, the AC0 correction on top of
OO-UCCD provides energies much closer to the reference
DMRG values. Moreover, the difference between the OO-
UCCD-AC0 and CASSCF-AC0 energies for longer distances is
lower than the difference between the noncorrected energies
(11 vs 15 mHa for 2.5 Å), which numerically confirms that
OO-UCCD can be successfully used to provide the zero-order
wave functions for the AC methodology. Figure 2b shows the
amount of the correlation energy, defined as the difference
between the exact, i.e., DMRG energy, and the HF energy,
retrieved by the individual methods. One can see that OO-
UCCD-AC0 recovers more than 90% of the correlation energy

Figure 1. DMRG mutual information (colored edges) and single-
orbital entropies (colored vertices) of N2 molecule for r = 2.5 Å. Red
circles represent the orbitals with si > 0.1, which are also depicted.
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for the whole range of internuclear distances and dramatically
improves the UCCSD and OO-UCCD results.
The absolute values of errors of the relative energies, Erel = E

− Emin, with respect to the DMRG relative energies are
depicted in Figure 3a. In this detailed plot, not only AC0 but
also the full AC results are presented. The figure well
demonstrates the importance of orbital optimization, which
is a presumption of the AC methodology. The AC0 corrected
results of nonorbital optimized methods (CASCI and
UCCSD) are in fact considerably worse than the original
noncorrected results. The full AC correction works better in
this respect and improves upon CASCI, but UCCSD-AC is
worse than UCCSD for r > 2 Å. As expected, the more
sophisticated as well as expensive AC method provides more
accurate results than its linearized integrand approximation
AC0; nevertheless, both corrections systematically and
considerably improve upon OO-UCCD (as well as CASSCF).
The AC results are only slightly worse than the results of the
strongly contracted NEVPT2 method, which works acciden-
tally very well in this case.31 One should, however, keep in
mind that NEVPT2 is more costly than AC0/AC, since it
requires up to 4-electron active space RDMs.29

In Figure 3b, we show the effect of active−active rotations
on the performance of the OO-UCCD(-AC0/AC) methods.

Their importance is not surprisingly increasing with the
increasing internuclear distance, since UCCD deviates more
from FCI due to the stronger multireference character. The
active−active rotations decrease the OO-UCCD energy for r =
2.5 Å by about 2.4 mHa, thus not negligibly. The AC0/AC
corrected energies are affected similarly, but the trend is not
systematic. The role of active−active rotations is expected to
be more pronounced for larger and more correlated active
spaces. In the case of the TME biradical discussed below, the
effect of active−active rotations was smaller (at the order of
μHa) due to the smaller CAS(6,6).
Tetramethyleneethane. The second problem that we

have tested using the combined VQE-AC methodology is the
twisting process of the TME biradical depicted in Figure 4a.
TME is the simplest disjoint non-Kekule ́ biradical and a very
intricate system, indeed. It was shown by Pozun et al.68 that
the correct shape and ordering of the singlet and triplet PESs
corresponding to a free rotation of the TME allyl subunits
about the central single C−C bond require: (a) flexible enough
atomic basis set, at least of a triple-ζ quality, (b) all-π active
space, i.e., CAS(6,6), for a correct description of the strong
correlation, and (c) dynamical (out-of-CAS) electron
correlation described at least at the PT2 level (or similar).
The last mentioned is needed to get the singlet PES with an

Figure 2. (a) Dissociation energy curves of the N2 molecule computed by different methods in the correlation consistent polarised valence double
zeta (cc-pVDZ) basis. The complete active space configuration interaction (CASCI), UCCSD, complete active space self-consistent field
(CASSCF), and OO-UCCD methods were restricted to CAS (10,8). (b) Percentage of the correlation energy (Eexact − EHF) retrieved. The exact
energies correspond to the DMRG energies extrapolated to the FCI limit.

Figure 3. (a) Absolute errors of relative energies (Erel = E − Emin) with respect to the exact (DMRG) results of N2 molecule computed by different
methods in cc-pVDZ basis. (b) Effect of active−active rotations in OO-UCCD orbital optimization on AC0/AC energies. The dashed horizontal
gray line corresponds to the chemical accuracy, i.e., the error of 1 kcal/mol.
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energy maximum at 45°, where the triplet state, which is higher
in energy, has its minimum. The energy gap between the two
states at 45° is only about 0.02 eV.68,80 Consequently,

determining the relative stability of both states turned out to
be a challenge for experimental as well as theoretical methods.
In our view, the TME biradical is a perfect candidate for

Figure 4. (a) Studied process of rotation of the TME allyl subunits about the central C−C bond. Carbon atoms are colored red; hydrogens are
white. (b) CASSCF(6,6) and OO-UCCD(6,6), and (c) CASSCF(6,6)-AC0 and OO-UCCD(6,6)-AC0 singlet and triplet state twisting PESs in cc-
pVTZ basis.

Figure 5. Singlet and triplet state twisting PESs of the TME molecule in cc-pVTZ basis calculated by (a) ADAPT-VQE-SCF and (b) ADAPT-
VQE-SCF-AC0. (c) ADAPT-VQE CNOT gate counts. The results corresponding to 18, 24, and 30 iterations of the adaptive procedure are
displayed.

Figure 6. Singlet and triplet state twisting PESs of the TME molecule in cc-pVTZ basis calculated by (a) qubit-ADAPT-VQE-SCF and (b) qubit-
ADAPT-VQE-SCF-AC0. (c) Qubit-ADAPT-VQE CNOT gate counts. The results corresponding to 18, 24, and 30 iterations of the adaptive
procedure are displayed.
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benchmarking new quantum algorithms for NISQ devices due
to its properties.
We used the cc-pVTZ basis, and we restricted ourselves to

only the AC0 method. Moreover, motivated by a possible
future physical realization on NISQ hardware, we tested also
the adaptive VQE approaches, the implementation of these
requires fewer CNOT gates than that for the UCCSD. The
UCC results are presented in Figure 4, whereas the results of
the adaptive VQE approaches are collected in Figures 5−8.
The comparison of the key features of the TME twisting
process computed by different methods with the best available
experimental and theoretical results is shown in Table 1.

Let us first discuss the UCC results. In the case of TME, we
present only the OO results since the orbital optimization
improves the shapes of both PESs considerably. As can be seen
in Figure 4b, CASSCF(6,6)/cc-pVTZ provides correct order-
ing of both states (singlet is energetically lower) and correct
shape of the triplet PES; however, the singlet PES is lacking the
characteristic “bump” (maximum at 45°), which was attributed
to dynamical electron correlation effects by Pozun et al.68 The
agreement between the triplet OO-UCCD and CASSCF PESs

is excellent, which is a consequence of the single-reference
nature of this state. On the contrary, both methods compare a
little worse for the singlet state, which is strongly correlated.
Most importantly, a singlet is incorrectly higher in energy than
a triplet around 45° at the OO-UCCD level. Moreover,
somewhat interestingly, the singlet PES evinces a small
“bump”, which probably stems from cancellation of errors
because dynamical (out-of-CAS) correlation effects are not
included.
Figure 4c compares the AC0 corrected CASSCF(6,6) and

OO-UCCD(6,6) PESs. One can see that the dynamic electron
correlation causes the development of the “bump” on the
singlet PES at 45°. Again, both methods coincide for the triplet
state, but the OO-UCCD-AC0 curve is noticeably higher in
energy than the CASSCF-AC0 curve for the singlet state.
Nevertheless, similar to the N2 example, the difference between
OO-UCCD-AC0 and CASSCF-AC0 is much smaller than the
difference between OO-UCCD and CASSCF (0.04 vs 0.09 eV
for 45°). When comparing the final OO-UCCD-AC0 results
with the best available experimental or theoretical results
shown in Table 1, one can observe an overall excellent
agreement with errors below 0.02 eV (≈0.4 kcal/mol), safely
within the chemical accuracy.

Figure 7. Convergence of ADAPT-VQE-SCF and qubit-ADAPT-VQE-SCF with respect to the number of iterations in the adaptive procedure for
the (a) singlet state and (b) triplet state of TME in the geometry with a twist angle of 45°. The dashed horizontal gray lines correspond to the
chemical accuracy, i.e., the error of 1 kcal/mol with respect to CASSCF.

Figure 8. Comparison of qubit-ADAPT-VQE-SCF-AC0 singlet and
triplet state twisting PESs of the TME molecule employing 30
iterations of the adaptive procedure with the same method employing
only 12 iterations for the orbital optimization part and 30 iterations
for RDM generation for the AC0 correction.

Table 1. TME Singlet−Triplet Energy Gaps Corresponding
to the Torsional Angles of 45 and 90° and Twisting Energy
Barrier [E(45°) − E(0°)] in the Singlet State Calculated by
Different Methodsa

ΔET−S/45°
(eV)

ΔET−S/90°
(eV)

ΔEtwist
(kcal/mol)

CASSCF 0.06 0.10 −0.660
OO-UCCD −0.03 0.02 −0.041
ADAPT-VQE-SCF −0.01 0.02 −0.139
qubit-ADAPT-VQE-SCF 0.005 0.009 −0.846
CASSCF-AC0 0.04 0.14 0.643
OO-UCCD-AC0 0.002 0.11 1.047
ADAPT-VQE-SCF-AC0 0.009 0.11 1.026
qubit-ADAPT-VQE-
SCF-AC0

0.015 0.10 0.590

best estimate 0.02b 0.13 ± 0.013c 1.132d

aThe results of the adaptive VQE approaches with 30 iterations are
displayed. bDMC result.68 cPhotoelectron spectroscopy result.81 dfull
configuration interaction quantum Monte Carlo (FCIQMC) result.80
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We now compare the performance of the AC0 corrected
adaptive VQE approaches with the view of a possible future
physical implementation of quantum devices. In Figure 5, the
results of the ADAPT-VQE-SCF method51,64 with the
underlying VQE subroutine employing the pool of fermionic
excitation operators are presented, whereas in Figure 6, the
results of the qubit-ADAPT-VQE-SCF53,64 method with the
pool of Pauli operators are shown. We display the
representative examples with 18, 24, and 30 iterations of the
adaptive build of the VQE ansatz, which cover the transition
from the “not accurate” to “accurate enough” regime. In Figure
5a,b, one can see that 24 iterations of ADAPT-VQE, which
correspond to about 1800 CNOT gates for the singlet state
(see Figure 5c), are sufficient to get the ADAPT-VQE-SCF
PESs of the same quality as the OO-UCCD ones and
consequently ADAPT-VQE-SCF-AC0 equivalent to OO-
UCCD-AC0 (compare with Figure 4b). Notice that the triplet
state curves corresponding to 24 and 30 iterations overlap.
Moreover, 30 iterations of ADAPT-VQE provide the singlet
state results of slightly better quality and the resulting ADAPT-
VQE-SCF-AC0 features of the singlet and triplet state PESs in
excellent agreement with the benchmark numbers, as can be
seen in Table 1.
The qubit-ADAPT-VQE method was proposed as a CNOT-

gate-saving alternative to ADAPT-VQE.53 One can see in
Figure 6a that the qubit adaptive procedure with 30 iterations
provides results of sufficient quality with fewer CNOT gates by
an order of magnitude. Fewer than 300 CNOTs suffice to
achieve the qubit-ADAPT-VQE-SCF-AC0 relative energy
curves whose main features safely fall within the chemical
accuracy difference with respect to the benchmark results
(Table 1). The only visible weak point is a less pronounced
“bump” on the singlet PES.
In Figure 7, we demonstrate the convergence of the (qubit-

)ADAPT-VQE-SCF energy with the number of iterations
compared to CASSCF and OO-UCCD energies for the
geometry with the twist angle of 45°. One can see that in case
of the strongly correlated singlet state, both ADAPT-VQE-SCF
as well as qubit-ADAPT-VQE-SCF get closer to CASSCF than
OO-UCCD; however, even for almost 40 iterations, the error
is still slightly higher than the chemical accuracy. Nevertheless,
the final AC0 corrected relative energy gaps, which are
measurable quantities, agree very well with the best available
results, as discussed above.
We also numerically tested whether the orbital optimization

can be performed with a less accurate qubit-ADAPT-VQE
CAS solver. As can be seen in Figure 8, the qubit-ADAPT-
VQE-SCF method with only 12 iterations of the adaptive build
of the VQE ansatz (requiring about 100 CNOT gates), which
is energetically very inaccurate (see Figure 7), is able to
provide the optimized orbitals of a sufficient quality. Only a
single qubit-ADAPT-VQE run with 30 iterations is then
necessary to obtain accurate active space RDMs for the
subsequent AC0 correction.

■ CONCLUSIONS
In this work, we have addressed the electronic structure
problem in near-term quantum computers. Due to the limited
quantum resources, NISQ devices are aimed at the most
difficult part of the problem, i.e., the manifold of strongly
correlated orbitals, CAS. Herein, we have presented the novel
computational approach, which improves dramatically upon
the VQE algorithms2 by adding the dynamical electron

correlation effects comprising electrons outside of CAS by
means of the classical AC corrections.30,31 Our approach does
not bring any additional requirements on quantum resources
as the AC corrections work with the active space 1- and 2-
RDMs, quantities directly accessible in VQE. The classical
computational demands of the AC corrections employed here
are only modest and scale as n( )6 , which can be further
reduced to n( )5 with the Cholesky decomposition.33 We
expect our approach to be more immune to noise54 than, e.g.,
the NEVPT2 corrections,29 which require measuring of up to
4-RDMs.
We have tested the performance of the OO UCC-based

VQE-AC0/AC methods by classical noiseless simulations of
two challenging strongly correlated problems, namely, the
dissociation of N2 and the twisting process of TME. Especially
the latter one deserves attention, since the dynamical electron
correlation effects are crucial for the qualitatively correct shape
of the singlet PES. Our simulations of both the aforementioned
problems are in excellent agreement with the benchmark data
and numerically confirm that the OO-UCCD can be
successfully used to provide the zero-order wave functions
for AC.
Since we consider the TME biradical to be a perfect testing

case for NISQ quantum algorithms, we have also performed
the (qubit)-ADAPT-VQE-AC0 simulations, which revealed
that about 200−300 CNOT gates would suffice for obtaining
accurate PESs. In the follow-up work, we will focus on the
effect of noise on the performance of the VQE-AC methods as
well as extending of the developed method to larger molecular
systems via quantum embedding techniques.82,83
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(35) Veis, L.; Visň̌ák, J.; Nishizawa, H.; Nakai, H.; Pittner, J.
Quantum chemistry beyond Born-Oppenheimer approximation on a
quantum computer: A simulated phase estimation study. Int. J.
Quantum Chem. 2016, 116, 1328−1336.
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(37) Pavosěvic,́ F.; Hammes-Schiffer, S. Multicomponent Unitary
Coupled Cluster and Equation-of-Motion for Quantum Computation.
J. Chem. Theory Comput. 2021, 17, 3252−3258.
(38) Szabo, A.; Ostlund, N.Modern Quantum Chemistry: Introduction
to Advanced Electronic Structure Theory; Dover Publications, 1996.
(39) Claudino, D. The basics of quantum computing for chemists.
Int. J. Quantum Chem. 2022, 122, No. e26990.
(40) Jordan, P.; Wigner, E. Uber das paulische Aquivalenzverbot. Z.
Phys. A 1928, 47, 631−651.
(41) Whitfield, J. D.; Biamonte, J.; Aspuru-Guzik, A. Simulation of
electronic structure Hamiltonians using quantum computers. Mol.
Phys. 2011, 109, 735−750.

The Journal of Physical Chemistry A pubs.acs.org/JPCA Article

https://doi.org/10.1021/acs.jpca.3c07590
J. Phys. Chem. A 2024, 128, 687−698

696

https://doi.org/10.1021/acs.chemrev.8b00803?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1103/revmodphys.92.015003
https://doi.org/10.1021/acs.chemrev.0c00620?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/acs.chemrev.0c00620?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/acs.chemrev.9b00829?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/acs.chemrev.9b00829?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1002/wcms.1580
https://doi.org/10.1002/wcms.1580
https://doi.org/10.1126/science.1113479
https://doi.org/10.1103/PhysRevLett.79.2586
https://doi.org/10.1103/PhysRevLett.79.2586
https://doi.org/10.1103/PhysRevLett.83.5162
https://doi.org/10.1103/PhysRevLett.83.5162
https://doi.org/10.1073/pnas.1619152114
https://doi.org/10.1103/RevModPhys.87.307
https://doi.org/10.1103/RevModPhys.87.307
https://doi.org/10.22331/q-2018-08-06-79
https://doi.org/10.1038/ncomms5213
https://doi.org/10.1038/ncomms5213
https://doi.org/10.1088/1367-2630/18/2/023023
https://doi.org/10.1088/1367-2630/18/2/023023
https://doi.org/10.1016/j.physrep.2022.08.003
https://doi.org/10.1016/j.physrep.2022.08.003
https://doi.org/10.1088/2058-9565/aad3e4
https://doi.org/10.1088/2058-9565/aad3e4
https://doi.org/10.1103/PhysRevLett.126.070504
https://doi.org/10.1103/PhysRevLett.126.070504
https://doi.org/10.1103/PhysRevLett.126.070504
https://doi.org/10.1103/PRXQuantum.2.030301
https://doi.org/10.1103/PRXQuantum.2.030301
https://doi.org/10.1039/D0CP04106H
https://doi.org/10.1039/D0CP04106H
https://doi.org/10.1039/D0CP04106H
https://doi.org/10.1103/PhysRevResearch.5.023174
https://doi.org/10.1103/PhysRevResearch.5.023174
https://doi.org/10.1063/1.5094643
https://doi.org/10.1063/1.5094643
https://doi.org/10.1063/1.5094643
https://doi.org/10.1088/2058-9565/abf602
https://doi.org/10.1088/2058-9565/abf602
https://doi.org/10.1088/2058-9565/abf602
https://doi.org/10.1021/acs.jpca.3c00993?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/acs.jpca.3c00993?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1103/PhysRevA.104.032804
https://doi.org/10.1103/PhysRevA.104.032804
https://doi.org/10.1103/PhysRevA.104.032804
https://doi.org/10.1103/PhysRevLett.131.200601
https://doi.org/10.1103/PhysRevLett.131.200601
https://doi.org/10.1103/PhysRevA.95.042308
https://doi.org/10.1103/PhysRevA.95.042308
https://doi.org/10.1103/PhysRevX.10.011004
https://doi.org/10.1103/PhysRevX.10.011004
https://doi.org/10.48550/arXiv.2210.05702
https://doi.org/10.48550/arXiv.2210.05702
https://doi.org/10.48550/arXiv.2210.05702
https://arxiv.org/abs/2210.05702
https://arxiv.org/abs/2210.05702
https://doi.org/10.1021/acs.jpca.2c07653?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/acs.jpca.2c07653?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/acs.jpca.2c07653?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/acs.jpca.2c07653?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1103/PhysRevLett.120.013001
https://doi.org/10.1103/PhysRevLett.120.013001
https://doi.org/10.1021/acs.jctc.8b00213?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/acs.jctc.8b00213?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/acs.jctc.8b00213?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/acs.jpclett.9b01582?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/acs.jpclett.9b01582?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/acs.jpclett.9b01582?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/acs.jpclett.9b01582?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/acs.jpclett.2c00993?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/acs.jpclett.2c00993?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/acs.jpclett.2c00993?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1063/5.0074842
https://doi.org/10.1063/5.0074842
https://doi.org/10.1002/qua.25176
https://doi.org/10.1002/qua.25176
https://doi.org/10.1021/acs.chemrev.9b00798?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/acs.chemrev.9b00798?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/acs.chemrev.9b00798?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/acs.jctc.1c00220?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/acs.jctc.1c00220?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1002/qua.26990
https://doi.org/10.1007/BF01331938
https://doi.org/10.1080/00268976.2011.552441
https://doi.org/10.1080/00268976.2011.552441
pubs.acs.org/JPCA?ref=pdf
https://doi.org/10.1021/acs.jpca.3c07590?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as


(42) Bravyi, S. B.; Kitaev, A. Y. Fermionic Quantum Computation.
Ann. Phys. 2002, 298, 210−226.
(43) Seeley, J. T.; Richard, M. J.; Love, P. J. The Bravyi-Kitaev
transformation for quantum computation of electronic structure. J.
Chem. Phys. 2012, 137, 224109.
(44) Kandala, A.; Mezzacapo, A.; Temme, K.; Takita, M.; Brink, M.;
Chow, J. M.; Gambetta, J. M. Hardware-efficient variational quantum
eigensolver for small molecules and quantum magnets. Nature 2017,
549, 242−246.
(45) Anand, A.; Schleich, P.; Alperin-Lea, S.; Jensen, P. W. K.; Sim,
S.; Díaz-Tinoco, M.; Kottmann, J. S.; Degroote, M.; Izmaylov, A. F.;
Aspuru-Guzik, A. A quantum computing view on unitary coupled
cluster theory. Chem. Soc. Rev. 2022, 51, 1659−1684.
(46) Lee, J.; Huggins, W. J.; Head-Gordon, M.; Whaley, K. B.
Generalized Unitary Coupled Cluster Wave functions for Quantum
Computation. J. Chem. Theory Comput. 2019, 15, 311−324.
(47) Matsuzawa, Y.; Kurashige, Y. Jastrow-type Decomposition in
Quantum Chemistry for Low-Depth Quantum Circuits. J. Chem.
Theory Comput. 2020, 16, 944−952.
(48) Culpitt, T.; Tellgren, E. I.; Pavosěvic,́ F. Unitary coupled-cluster
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